Product formulas on a unitary group in three variables 



Lei Yang 
1. Introduction 

In the present paper, we consider the eigenvalue problems which concern a differential 
equation 

(1-1) Lkf{zi,Z2)=\f{zi,Z2). 

Here / is a function on the Siegel domain of type II 

(1.2) 62 = {(zi,22) eC^ :zi+2r-Z22^>0}, 

and Lfc is a differential operator given by 



Lk = {zi + zi- Z2Z2] 



(1.3) 



{Zl + Zi)—--^ + — — = + 22T=- + Z2Tr-l^ - H 



dzidzi dz2dz2 dzidz2 dzidz2 dzi dzi 




where k is an integer. Let F C U{2, 1) be an arithmetic subgroup or a convex cocompact 
subgroup, where 



:i.4) u{2,i) = {geGL{?,X)-g*Jg = J]. J 



and assume that / is a F-automorphic form of weight k in the sense that it is invariant 
under 

k 

(1.5) f^f{l{zi,Z2)){aiZi + a2Z2 + a^)~ (01^1+02^2 + 03) 

* * * 

for every 7 = | * * * | G F. In fact, Lk commutes with (1.5). 

ai a2 as 

Now, let us recall some basic facts about complex hyperbolic geometry (see [Ap] and 
[Go]). Geometry of complex hyperbolic space is the geometry of the unit ball Bg 

Typeset by ^x^-TgX 
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in C"^ with the Kahler structure given by the Bergman metric whose automorphisms 
are biholomorphic automorphisms of the ball, i.e., elements of PU{n, 1). Any complex 
hyperbolic manifold can be represented as the quotient M — H^/F by a discrete tor- 
sion free isometric action of the fundamental group of M, 7ri(M) = F C PU{n, 1), its 
boundary at infinity dooM is naturally identified as the quotient ri(F)/F of the discon- 
tinuity set of r at infinity. Here the discontinuity set r^(F) is the maximal subset of 
5Hg where F acts discretely, its complement A(r) = 5Hg\f2(r) is the limit set of F, 
A(F) = n dUl for any a; e Hg. 

In general, let G be a connected, linear, real simple Lie group of rank one, G = 
KAN be an Iwasawa decomposition of G, g = B © o © n be the corresponding Iwasawa 
decomposition of the Lie algebra g, and P = MAN be a minimal parabolic subgroup. 
The group G acts isometrically on the rank-one symmetric space X = G/K. Let 
dX = G/P = K/M be its geodesic boundary. We regard X := X \J dX as a compact 
manifold with boundary. 

By the classification of symmetric spaces with strictly negative sectional curvature, 
we know that X is one of the following spaces: a real hyperbolic space (n > 1), a 
complex hyperbolic space (n > 2), a quaternionic hyperbolic space [n > 2) or 
the Cay ley hyperbolic plane Hq, and G is a linear group finitely covering the orientation- 
preserving isometric group of X. 

Following [BO], we consider a torsion- free discrete subgroup F C G such that dX 
admits a F-invariant partition dX = VL{T) U A(F), where fi(F) 7^ is open and F acts 
freely and cocompactly on X\jQ,{T). The closed subset A(F) is called the limit set of F. 
The locally symmetric space Y := F\X is a complete Riemannian manifold of infinite 
volume without cusps. It can be compactified by adjoining the geodesic boundary 



A subgroup F satisfying this assumption is called convex cocompact or geometrically 
cocompact since it acts cocompactly on the convex hull of the limit set. The quotient 
Y is called a Kleinian manifold. 



For if e a, we define p e a* by p{H) = itr(ad(if)|n). Then p(Hg) = ^ and 



Now, we need the following definition (see [Co]): 

Definition. For any discrete group F C G, the critical exponent S{T) is the infimum 
of all s such that 



converges for some (or any) x,y & X, where d{x, y) is the Riemannian distance from x 
to y. 

The critical exponent 5{T) has been extensively studied (see [Pal], [Su], [Co] and 
[Col]). It is known that 5{T) e [0, 2p] if F is nontrivial. In fact, if n{T) 7^ 0, then 5{T) 
is equal to the Hausdorff dimension of the limit set with respect to the natural class of 
sub- Riemannian metrics on dX. 



B :=F\0(F). 



p(H£) = n. 




7er 
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In the case of U{2, 1), 5{T) e [0, 4] for X = H^. 

The theory of Eisenstein series and the spectral theory for Kleinian groups on real hy- 
perbolic spaces has been extensively studied, in particular, by Mandouvalos [Mai], 
[Ma2], Patterson [Pa3], and Perry [Pel], [Pe2], [FHP]. A Kleinian group F is a dis- 
crete subgroup acting on Hg, which acts discontinuously on Hg and has a fundamental 
domain in of infinite hyperbolic volume. This in particular implies that it is a 
non-arithmetic subgroup. Their theory extended previous work of Roelcke [Ro], El- 
strodt [El], Patterson [Pa2] and Fay [Fa] on the spectral theory and Eisenstein series 
for Fuchsian groups of the second kind. 

Now, we give the corresponding results on the complex hyperbolic space H^. We give 
the Eisenstein series for the Picard modular group, which is an arithmetic subgroup of 
U{2, 1). We also give the Eisenstein series for any discrete subgroup (either arithmetic 
or non- arithmetic). In particular, for a convex cocompact subgroup F which satisfies 
that S{r) < 1, we give the product formulas. Now, we state the results of this paper. 

The Poisson kernel is given by 

(1.6) P{Z,W)^ fyuni2 ^ Z={z^,Z2)ee2,W^{w^,W2)e^e2, 

\p{Z,W)\^ 

where 

(1.7) p{Z,W):=zT + wi-z^W2, p{Z)=p{Z,Z). 
Let 

It is a point-pair invariant under the action of U{2, 1). The critical exponent is given 

by 

(1.9) 5{V) :=inf{s>0: ^a(Z,7(Z'))-' < oo}. 

For a discrete subgroup F C f/(2, 1), the Eisenstein series is defined by 

(1.10) E{Z, W; s) := ^ P{l{Z), W)' , for Re(s) > 5{T). 

The automorphic Green function is given by 



(1.11) G{Z,Z'-s) = Y,r{ZMZ');s), for Re(s) > 5(r), 

7er 
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with 

(1.12) r(Z, Z'- s) = J^j'^ {\y-\-^Fis, . - 1; 2. - 1; -u''). 
Here 

(1.13) u = u{Z,Z') = a{Z,Z') -1. 
Now, the first main result of this paper is stated as follows: 

Theorem 1.1. Assume that T is convex cocompact and S{T) < 1. Then the following 
product formula holds: 

I E{Z,W;s)E{Z\W;2- s)dm{W) 

(1.14) Jv\^{T) 

TT 



-c(s)c(2 - s)[G{Z, Z'; s) - G{Z, Z'; 2 - s) 
where 6{T) < Re{s) < 2 - S{T) and c{s) = y/^T{s - i)r(s)-^ 

(* * * ^ 
* * * I e U{2, 1), set 
ai a2 as 

(1.15) Z) ^ aizi + a2Z2 + aszs. 
The S-matrix is given by 

(1.16) S{W, W- s) := \p{l{W), W^')r'1j(7, W)\-^' 

for W,W' e fi(r) and Re(s) > 5{T). By the S-matrix, we give the functional equation 
of Eisenstein series: 

Theorem 1.2. Assume that V is convex cocompact and 6{r) < 1. Then the following 
functional equation for Eisenstein series holds: 



(1.17) / E{Z,W;s)SiW,W';2-s)dm{W) = ^ EiZ,W';2 - s), 

Jr\n(r) s-1 r(s) 



fori < Re{s) < 2 - 5{T). 

The Poisson kernel of weight k is given by 



k — s^fiy ■[Jr\ — k—s 



(1.18) Pk{Z, W; s) = p{zyp{z, wf-'piz, W) 
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where Z e ©2, ^ £ 5©2- The Eisenstein series of weight k is defined by 

(1.19) E{Z,W;k,s) = Y,3{l.ZY''3{l.ZfPu{l{Z),W;s), for Re(s) > 5(r). 

Set 

(1.20) (|A;| + l-s)r(2-s) 4 

X (7-l'=l((7 - l)\^\-'F{s - \k\,s - 1 - 2s - 1; ^—). 

(7—1 

The automorphic Green function of weight k is given by 

(1.21) G{Z, Z'; k,s)^J2 ^(^' 7(^0; ^> s)> for Re(s) > 5(r). 

Now, we state the main theorem of this paper: 

Theorem 1.3 (Main Theorem). Assume that T is convex cocompact and 5{T) < 1. 
Then the following product formula holds: 

I E{Z,W;k,s)E{Z',W;-k,2- s)dm{W) 

Jr\n{r) 

^^•^^^ =G{Z, Z'; k, s) + G{Z, Z'- k,2-s) 

=G{Z', Z; -k, s) + G{Z', Z; -k, 2 - s), 

for 6{T) < Re(s) < 2 - 5{V) and k = or k = ±1. 
The S-matrix of weight k is defined by 

(1.23) S{W,W';k,s) := 5^i(7, W-)'-'jX7, W)-'=-V(7(W^), W^')"'"V(7W, W^)'"' 

for W,W' e n(r) and Re(s) > 5{T). By the S-matrix of weight A;, we obtain the 
functional equation of Eisenstein series of weight k. 

Theorem 1.4. Assume that T is convex cocom,pact and S{V) < 1. Then the following 
functional equation for Eisenstein series of weight k holds: 

I E{Z,W;k,s)S{W,W';-k,2- s)dm{W) 

JT\Q.(T) 

(1-24) 3 1 
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for 1 < Re{s) < 2 - 5(r) and k = 0,±l. 

In fact, when k = 0, Theorem 1.3 and Theorem 1.4 reduces to Theorem 1.1 and 
Theorem 1.2. 

In the appendix, we give the product formulas on SL{2, M). 

Theorem 1.5. Assume thatV is convex cocompact andd{r) < ^. Then the following 
product formula on SL{2,M) holds: 

(1.25) / E{z, C; k, s)E{z', C; -k, 1 - s)dm{C) = G{z, z'; k, s) + G{z, z'; k, 1 - s), 

for S(T) < Re{s) < 1 - 5{T) and /c = 0, ±1. 
2. Epstein zeta function and Eisenstein series on Picard modular groups 

Let ©2 be the Siegel domain 

(2.1) 62 = {(2:1, 2:2) e : + ^ > \Z2\^}. 

The imaginary quadratic field K = Q(-\/— 3) is called the field of Eisenstein numbers. 
Its ring of integers 

(2.2) = 0k = {a/2 + bV^/2 :a,beZ,a = 6(mod2)} = Z + Z[a;] 



with iu = 




is called the ring of Eisenstein integers. 



In their paper [KW] , Koranyi and Wolf studied the general Cayley transform which 
carries the bounded domain of the Harish-Chandra realization into a generalized half- 
plane. In [KR], Koranyi and Reimann gave the Cayley transform on U{2, 1). Now, we 
define the Cayley transform C : := {{wi,W2) G : jtuip + |t(;2p < 1} ^ ©2, where 

(—ZJ —uj \ 

1 J e GL{2,,0). 

It is known that 

(2.4) t/(2, 1) = e GL(3, C) : gh,ig* = h,!}, 

where /2,i = diag{l, 1, —1}. 

Let Eij be the 3x3 matrix with a 1 at the i,j-th component, zeros elsewhere. Using 
Kronecker's delta, we have 



A basis of 5 = w(2, 1) is as follows: 

Xi = £^2,3 + -£'3,2) X2 = £^1,3 + -^3^1, X3 = £^1^2 — -E'2,1, 

X4 = z-E'2,3 — ■^-£'3, 2, — iEi^s — i-Es,!, — i-E'1,2 + ^-E'2,1, 
X7 — i-Ei,!, Xs — iE2,2, X9 — iEs^s. 

Thus, 

^2,3 = ^(^1 - ^^4), Es,2 = ^(^1 + ^^4), 

Ei,3 = 1{X2- iX^), £^3,1 = ^(^2 + iXr,), 
^1,2 - ^(^3-^^6), ^2,1 = -^(X3+i^6), 

-E^i,! = —i^Tj -E'2,2 = — -£'3,3 = —i^d- 
The action of U{2, 1) on is as follows: 



, , , i. X f aiwi + a2W2 + as biwi + b2W2 + 

bi 62 63 (w;i,'u;2)=- ■ ■ , ■ ■ 

C c C \ ClWi + C2W2 + C3 CiWi + C2W2 + C3 J 



We have 

X3f{wi,W2,lih, w^) 



= -[/(exp(t -1 )(w;i,w;2))+/(exp(d -1 
\ 0/ \ / 



^ I cost sint 0\ / cost sint 

= — [/(( —sint cost j (wi,W2))+/(( —sint cost | {wT-iW2))]\ 
1/ \ 



dt 

=— /(wi cost + W2 sint, —wi sint + W2 cost)|t=o 

(AjL 

+ —/{wicost + tf^sint, — ttJT sint + tU2 cost)|t=o 

df df _df _df 
=W2^ wi- h «'2^= - «^i^=- 

OWi OW2 OWi OW2 

So, the corresponding operator is 
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Similarly, we have 



A2 = (1 - VJ^)- WxW2-^ V[\-Wx )-= - WxW2- 



dwi dw2 dwi dw2 

d ,^ 2\ ^ /-, 2\ ^ 

Xx = -WxW2-^ V[\-W2)-^ WxW2-^^ + \\-VJ2 )■ 



' dw\ dw2 dwi dw2 
. d . d d d 

Xq = IW2 -7{ 1- 1'Wi — IW2 -t : — IW\ ■ 



' dwi dw2 dwi dw2 

X5 = i{l + wl)- \-iwiW2T. *(! + 1^1^)-^= - iwiW2- 



OWi OW2 OWi OW2 

d ..^ d . d ..^ On ^ 

X^ = %WxW2-^ V%\y^W^)- lWiW2-^= -l{l + W2 )- 



' dwi dw2 dwi dw2 

X7 = iwi- ^^yl^=• 

OWi OWi 

Xs = IW2^ IW2^=- 

OW2 OW2 

d d d d 

Xg = -IWi- Zl(;2^ h ^«^1^= + ^«^2^=- 

OWi OW2 OWi OW2 

We denote Xij as the differential operator corresponding to Eij, then 

1 . d d 2 9 1 / \ 

X23 = 7;(-^i - '^^'^) = ^ wiW2^=^ - W2 X32 = 7t(-^i + ^-^^^j = X23, 

2 dw2 owi dw2 2 

1 d d d 1. 

Xl3 = 77(^2 - zXs) ^- «^^7^ - WW^^—, X31 = 7r(X2 + 1X5) = X^, 

2 owi owi 0W2 2 
l.„ d d 



X12 = 2(^3 - iXe) = W2^;^^ - ^1^=' ^21 = "2^^^ ^^^^ ^ -^12, 
Xii = —iXr = wi 



d 


d 


dwi 


OWi 


d 


d 


dw2 


W2rs , 

OW2 


d 


d 


OW2 


+ Wl 

OWi 



X22 = —iXg = W2 

d d d d 

A33 = -^A9 = -Wi- W2^ h + W2^ZZ. 

OWi OW2 OWi OW2 

Now, if n is any positive integer, we claim that 

33 3 

y ^ y ] ■ ■ ■ y ] Xi^i^Xi^i^ ■ ■ • Xi^i^ 
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lies in the center of U{q). To prove this, without loss of generality, let us assume n = 2. 
Then 

[^359' "^*i*2^i2ii] ~ y ]{[-^pqj ^iii2]^»2»i + ^iii2 [^PQ) ^*2«i] )• 

By [Xpq,Xr8] = SqrXps - SspXrq, this equals 

^^^^{^qii-^pi2-^'i2'ii ^i2P-^iiq-^i2'ii -^iii2^qi2-^pii -^iii2^iip-^i2q) 

h h 

— ^ ^ -^pi2-^i2q ^ ^ -^iiq-^pii ~l~ ^ ^ -^iiq-^pii ^ ^ -^pi2-^i2q ~ ^• 
12 ii ii 12 

Thus the above sum commutes with the generators Xi of U {q) , and lies in the center of 
U{q). The proof is similar if n 7^ 2. 
Set 

3 3 

ii = l 12 = 1 

3 3 3 
-^2 = ^ ^ ^ Ei^i^Ei^i^Ei^i^. 

ii = l ^2 = 1 13 = 1 

In the category of differential operators, 

\-^pqi -^rs] — ^sp-^rq ^qr-^ps- 

Therefore, we have 

Di = 2{Xf^ + X22 + -^11-^22 + -^12-^21 + -^23-^32 + -^31-^13) — 2A, 

D2 =3[Xii(Xi2X2i — X32X23 — X22) + ^22(^21-^12 — -^31-^13 — -'^ll) 

+ -^23-^31-^12 + -^13-^32-^^21 " -^31-^13 ~ -^^32-^^23 + -'^ll + -^^22] = — 3A, 

where 
(2.5) 

A = (1 - \wi\'^ - M"^) 

q2 q2 q2 q2 

X (1 - \wi\'^)- ^= + (1 - ^2!^)^ ^= - WiW^- ^= - WW2^=5 

OWiOWi OW2OW2 OW1OW2 OW1OW2 



is the Laplace-Beltrami operator of U (2, 1) on B^. 
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Let G = CU{2, l)C-\ K = C{U{2) x U{1))C~^ and G{0) = CU{2, 1; 0)C-\ then 
G{0) is an arithmetic subgroup of G and S := G{0)\G / K is called a Picard modular 
surface (sec [Picl], [Pic2], [Gir], [Hoi], [Ho2], [LR] and [BB] for the details). 

The complex hyperbolic Gauss-Bonnet formula states that (see [HP] and [P]) 

Voi(H2/r) = ^x(H^/r), 

where x(^^/^) is the Euler number of H^/F. Holzapfel showed that 

x(BVP^C/(2,1;0))=^. 

As PSU{2, 1; O) has index 3 in Pf/(2, 1; C), we see that x{^'^/PU{2, 1; O)) = ^, and 
so 

Vo1b.(BVP[/(2,1;0)) = ^~ = |^. 



Denote J = 1 , then Ch iC* = J. It follows that 




(2.6) G = {geGL{3,C):gJg* = J}. 

This is the other realization of ?7(2, 1). For simplicity, from now on, we use the same 
symbol U{2, 1) to denote as G. In fact, G = {g e GL{3,C) : g*Jg = J}. 

Let P be the parabolic subgroup of U{2, 1) which consists of upper triangular matri- 
ces. This group P has the Langlands decomposition P = NAM, where 



N = {n=[z,t] = \ 1 z \ : zeC,te 


















:.>oj 






K ' p) 






Then G = NAMK = NAK is the Iwasawa decomposition. Set V = G{0) , then 



I a (3 

(2.7) VnN = l[a,(3]= \ 1 a 1 : |ap = /? + a,/? e O 



> . 
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IfkeK, then 



'a P 
k = C \ -f 5 I C-\ 
e'^ 



where [ ^ S ) ^ ^^'^^ ^^"^ ^ ^ "^^^^^ exphcitly, 



a (3 
7 



—uja — uue —u)(3 —a + 
7 5 a;7 



—a + e 



i6l 



— —ua — a;e* 



We have /c(-w,0) = (-u;,0). Note that p(-w,0) = 1. Therefore, ^(-0^,0) = (-0^,0) 
if and only if g & K. Define tt : G — > ©2 by T:{g) = g{—uj,0). It induces a bijection 
G/K 62. For g = nak, 

7T{g) = nak{—oj,0) = na{—oj,0) = {—ujp~'^ + -z\z^ + it^'z). 

Thus, if we set (zi, ^2) = '^{g)-, then zi + zi — z^z^ = p~^. 
FoUowing [He], let A = A(r) 

1 





/ 1 \ 








: X e m| 









positive integer such that 



n r and q — g(r) be the 
generates A. For [a, /?], [a', /?'] e Fn TV, 



1 



= [0, 2v^Im(a'a)] e A, 

where Ima := h for ct = a + 6v'~3, a^h ^^L. Hence, 1q~^\m.{o^'oi) e Z. 
By Cayley transform, we have 

Theorem 2.1. The Laplace- Beltrami operator ofU{2, 1) on 62 



(2.8) L = {zi+zT-\z2f) 



[Zl +Zi) + +Z2^=ZK \- Z2 r. a— 

OZ\OZi OZ2OZ2 OZ1OZ2 OZ\OZ2 



1 a p\ 

If = I 1 7 j G r, then a = 7, \a.\'^ = 13 + 13. Denote Z = (^1,-22), set 
p{Z) = zi + zi — |2;2p, we have 



p{g,Z) := p{g{Z)) = {zi + az2 + P) + {z^ +az^ + P) - {Z2 + ^){z^ + ^) = p{Z). 
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* * * 

If ^ = I * * * I e t/(2, 1), then aiOs + oiOs = 0202- By a straightforward 

ai 02 03 
calculation, we have 

(2-9) p(5f,Z) = — , with j{-f,Z) ■.^aiZi + a2Z2 + a3. 

For the Picard modular group F = C/(2, 1; C), the Eisenstein series is defined as 

(2.10) E(Z;s)= J2 P(7'^)^ Re(s) > 2. 

7ernAr\r 

The unit group of O is {±1, ±0;, ±u}, its order is 6. 

6 ^ |ai2i + 02^2 + 03r^ 

ai, 02, 03 e c;, (ai, a2, 03) = c;, 

aioi + 0703 = 0202 

where (01,02,03) denotes the ideal generated by Oi, 02 and 03. 

Theorem 2.2. The Eisenstein series satisfies the following equation: 

(2.11) LE{Z;s) = s{s-2)E{Z;s). 
Proof. For j(7: Z) = oi2;i + 02^2 + 03, 



Lp(7, Z)"* = s{s - 2)p(7, Z)"* + (-0103 - 0103 + 0202)5 — 



2 pizy 



j(7,Z)|2(^+i)' 
Let 

SVsiC) = {F e M3(C) : y positive definite, Y* = F, detF = 1}, 

7^3 (C) := SVsiC) n U{2, 1) and denote Y[a] = a*Ya, for Y e «S7'3(C). 
For a e A, n e A?" as above, 



p p p 

a[n] := n*an = 1 ^ + 1 ^(iN^+i* ^ 

[klllzil .(i^ + l) + 



□ 



13 



We can identify 62 with 'Hs{C) by {zi, Z2) ^ W^(p,t,2:) = ^N, where 
Zl = p + ]^\z\^ - it,Z2 = -z,p^ ^{zi +zl- \Z2\^). 

Lemma 2.3. If a= (03, — a2,ai) e O^, where 0103 + alas = 0202, then 

(2.12) W^p,t,z)W] = p" Vi-si + 02^2 + asf. 

Proof. In fact, 

P~ Vi-^i + ^^2-22 + osl^ - = aia^ + alas - 020^ = 0. 

□ 

Definition 2.4. For the Picard modular group T = U{2, 1; O) the Epstein zeta func- 
tion is given by 

(2.13) Z{Y,s):=l Yl ^W"^ 

aeC'3_{o},aia3+ara3=a2a2' 

where Re(s) > 2. 

Lemma 2.5. Z{W(^p^t,z)j = CKi'^s)E{zi, Z2', s), where Ck{s) is the Dedekind zeta 
function of the number field K = Q(V— 3). 

Because E{zi, Z2; s) = Z(W(^p^t,z), s)/Ck{'^s), any zero of (k{2s) will give a pole of 
E{zi, Z2\ s) unless Z(VF, s) vanishes at that value of s. The trivial zeros of ZiyV^ s) and 
Cir(2s) are both s = — 1, —2, —3, • • • , and both have order 1. So the trivial zeros cancel 
out in £'(2:1, 2:2; s). 

Suppose ai,a2,a3 G O and 0103 + 0103 = a2a2, then J[(ai, 02, 03)*] = and 
-^[(^3, -a2,ai)*] = 0. 

For n, a e C/(2, 1) as above, then n* e C/(2, 1), thus e t/(2, 1). If G H3(C), 
^J^ = J, thus = JgJ . Suppose a = (ai, a2, 03) G — {0}, we have the following 
lemma: 

Lemma 2.6. For g e HsiQ, ^[(03,-02,01)*] = £f"M(ai> ^2, 03)*]. 
Proof. In fact, 

^ ^[{ai,a2,as)*] = JgJ[{ai,a2,asy] = {-a3,a2,-ai)g \ a2 \ = g[{a3, -a2, ai)*]. 

□ 

By Lemma 2.6, it follows that 
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Theorem 2.7. The functional equation of Epstein zeta functions: 

(2.14) Z{Y-\s) = Z{Y,s) 
tfYeHsiC). 

Following [Ho2], we define the Picard modular forms on 62 as follows: 
Definition 2.8. A holomorphic function / : ©2 — > C is a Picard modular form of 
K = Q(-\/^) and of weight k, if it satisfies: 

(2.15) /(7(Z)) = Jac(7,Z)-V(^) for all 7 e T, 

where Jac(7, Z) is the Jacobi determinant of 7 : 62 — 62 at Z = (2:1, 2:2). 

Now, for the Picard modular group F = ?7(2, 1; O), we define the Eisenstein series of 
weight k: 

(2.16) Ek{Z)^ Jac(7,Z)^ for k > 1. 

7ernAr\r 

In fact, in [BB] and [Shi], the authors studied the Poincare-Eisenstein series. 
The following proposition is important. 
Proposition 2.9. j{g,Z) satisfies the following identity: 

(2.17) jig^g2,Z)=j{g,,g2iZ))j{g2,Z). 



ai a2 as \ / a'l a'2 a'^ 

Proof For g^ = \ 62 63 e U{2,\) and g2 = b[ b'^ b'^ \ e U{2,1), we 
Ci C2 C3 / \ c'l c'2 c'g 



have 

* * * 

a'lCi + b[c2 + c[c3 a'2Ci + 62C2 + 4^3 OgCi + 63C2 + C3C3 

Thus, 

j{gig2, Z) = {a[ci + b[c2 + c[c3)zi + {a^ci + 62C2 + 0203)2:2 + (agCi + 63C2 + C3C3). 
On the other hand. 



..(z) = (I 



2i + C222 + C3 C'i2i + ^22 + C3 
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c'i2;i + 032:2 + Cg c'i2;i + C2Z2 + C3 

i(^2, Z) = c[zi + C2Z2 + C3. 

So, 

3(91, 92{Z))j{g2, Z) = j{gig2, Z). 



□ 



3. Product formulas on ?7(2, 1) 
In his paper [Ko] , the Poisson kernel P:SxD^M of D is defined by 

where D — {{zi^ Z2)\hiizi — $(-22, Z2) G 0} and B is the distinguished boundary of D: 

B = {{zi, Z2)\Iinzi - $(22, Z2) = 0}. 
The Szego kernel function S is given by 



where 



p(z,w)^^^-^-2^Z2,W2) 



for z = {zi,Z2), w = {wi,W2), and 

2 Jv2 

Now, we define the Poisson kernel as follows: 



pjZ) 

\p{z,ww 



(3.1) P{Z,W)^ t/.M2 ^ Z={zi,Z2)ee2,W={wuW2)ede2, 



where 

p(Z, ly) := ^ + wi - :z^t(;2- 

In fact, for Z = + it, z) and Z' = (^^^^ + it', z'), where p > 0, p' > 0, t, t' e 

and z, z' e C, we have 

|p(Z, Z')P = l(p + p' + |z - )2 + - t + Im^F)2 > 0. 
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p{Z, Z') = if and only ii Z = Z' e ^62. 

In their papers [Ko] , [KW] , Koranyi and Wolf studied the realization of Siegel domain 
of type II and the Poisson integral. Our definition has a little difierence from theirs. 
We have 

(3.2) LP{z, wy = s{s - 2)p{z, wy - s^p{w)p{z, wy^^ = s{s - 2)p{z, wy. 

In fact, by Helgason's conjecture, which was proved by Kashiwara et al. in [K], that the 
eigenfunctions on Riemannian symmetric spaces can be represented as Poisson integrals 
of their hyperfunction boundary values. 
The boundary of 62: 

(3.3) de2^ {{ZUZ2) eC^ : zi+zT^ Z2Z^}. 
In the homogeneous coordinates, one has 

562 = {{zi,Z2, Z3) G : ziz^ + zTzs = -22^}- 

In particular, 

d&2{0) = {(oi, 02, 03) e : 0103 + 0103 = 0202}. 
The Green function associated to Lf = on ©2 is defined as 

(3.4) G{Z,W) = \og\p(Z,W)\ for Z,W E e2. 

It satisfies that LG{Z, W) = 0. 
oi 02 03 \ 

bi 62 63 e U{2, 1), then g*Jg = J, i.e., 

Cl C2 C3 / 



' — cToi + 6161 


— OiCi 


= 0, 


-C^Oi + 62&I 


- O^Ci 


= 0, 


-C2O2 + &2&2 


- a^C2 


= 1, 


< _ 






-C3O1 + bsbi 


- OiCi 


= -1 


-C3O2 + 6362 


- a3C2 


= 0, 


^ -C303 + 6363 


- aic3 


= 0. 



By a straightforward calculation, we have 
p{g{Z),g{W)) 



Zi+Wl- Z2W2 



(ciZi + 022:2 + C3){ciWi + C2W2 + C3) 
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Hence, 



(3.5) p{g{Z),g{W))j{g,Z)j{g,W) = p{Z,W), for geG. 
Therefore, 

(3.6) P{g{Z),g{W)) = \j{g,W)\^P{Z,W). 
By Proposition 2.9, we have 

(3.7) P{g{Z),W) = \j{g,g-\W))fP{Z,g-\W)) = \j{g-\W)\-'P{Z, g-\W)). 
The point-pair invariant on &2 is defined by 

(^•^^ ^ ^ - p{Z)p{Z') ' 

which is invariant under the action of t/(2, 1). The critical exponent is given by 

(3.9) 5{T) = inf{s > : ^ (t(Z, 7(Z'))"" < oo}. 

The number 5{T) does not depend on the choice oiZ^Z' . It is an invariant of the group 

r. 

The Eisenstein series is given by 

(3.10) E(Z,W^;s)-5^P(7(Z),W)^ for Re(5) > 5(r), 

where F is a discrete subgroup of C/(2, 1). We have the foUowing lemma: 
Lemma 3.1. The properties of Eisenstein series: 

(1) LE{Z,W]s) = s{s-2)E{Z,W;s). 

(2) E{^{Z),W;s) = E{Z,W;s). 

(3) E{Z, ^{W); s) = |j(7, W)\^^E{Z, W; s) for 7 e F. 

We have the following lemma: 

Lemma 3.2. Let f = f{u) with u = w(Z, Z') = a{Z, Z') - I, then 



(3.11) 



Lf = u{u + l)f"{u) + {3u + 2)f'{u). 
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By Lf = s{s — 2)/, we have 

(3.12) u{u + l)f"{u) + {3u + 2)f{u) + s{2 - s)f{u) = 0. 
A solution is 

(3.13) M<Z, Z')) = l^''^ {\y-'u-^F{s, . - 1; 2. - 1; -«-^). 

Here F — 2F1 is the Gauss hypergeometric function. 
Let 

(3.14) G{Z,Z';s)^Y.r{Z,^{Z'y,s), for Re{s) > 6{r), 

■yer 

where r{Z,Z';s) = Lps{u{Z, Z')). By the integral representation of hypergeometric 
functions, we can only consider the series 

which is convergent for Re(s) > 5{T). Thus, the right hand side of (3.14) is convergent 
when Re(s) > S{T). We have 

hm p(Z)-r(Z, Z'; s) = — H^(1)^-^P(Z', Wy, 

where Z ^ W e d&2 as p{Z) 0. Consequently, 

hm p(Z)-G(Z,Z';.) = J^j'^ (ly-' EiZ' ,W; s). 

In the real hyperbolic geometry, the double transitivity of the action of the isometric 
groups on the real hyperbolic space has been studied extensively (see [EIGM] for three 
dimensional hyperbolic space). Now, we give the corresponding results on the complex 

hyperbolic space. 

Proposition 3.3. The group U{2, 1) acts in the following sense doubly transitively 
on &2: For all P, P', Q, Q' e &2, such that d{P, P') = d{Q, Q'), there exists an element 
g e U{2, 1) such that g{P) = Q, g{P') = Q' . 

I I ^ 

Proof. Set P = {zi, Z2) with z\ = —up + — h zt, Z2 = z^ where p > 0, t e M and 
2; e C. Then p(-2i, Z2) = p- 



Ti := 1 



VP. 



(\ -z \^-it 
1 -z 

1 



et/(2,l). 
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Moreover, Ti{zijZ2) = {—u,0), i.e. Ti maps P onto {—co,0). Set (-2^,-22) = {—ujp' + 
^-^ + it',z'), then 



P \ Vp J P ' 

i.e., Ti(P') has the form of {-ojp +^-^ + it,z). 
I 1^ 

If k{—uop + -^^ — h it, 2;) = (— a;p',0), where k G K, then we obtain two complex 
equations about a,/3,7, 5 and 6. In fact, the number of real linear equations is four. 
While, the real dimension of K is five. Hence, the existence of k is proved. Applying a 
suitable element T2 of the stabilizer K of {—00, 0) in U (2, 1) to Ti(P') we get a transform 
T = T2T1 such that T{P) = {-lo, 0), T(P') = (-Aa;, 0) with A > 1. Since the isometric 
group of ©2 is U{2, 1), we have 

d{P,P') = d{T{P),T{P')) = d{{-uj,0),{-Xu;,0)) = / - = logA. 

So A = exp(d(P, P')). Similarly, there exists an element 5" G U{2, 1) such that S{Q) = 
(-w, 0), S{Q') = {-Xoj, 0) with the same A, since d{P, P') = d{Q, Q'). Thus, g := S'^T 
has the desired properties. 

□ 

In [EIGM], the concept of real hyperbolic distance was introduced and the basic 
properties was studied. Now, we give the complex hyperbolic distance and obtain the 
triangle inequality for our function S. 

Proposition 3.4. The complex hyperbolic distance d{P, P') is given by 

(3.15) coshd(P, P') = 5{P, P'), 
where 5 is defined by 

(3.16) 5(P, P') = 5(Z, Z') = ^[a(Z, Z') + 1], 

and P = Z, P' = Z'. 

Proof. \iP= (-a;, 0) and P' = (-Aa;, 0) (A > 1), we have 

dr 

d((-a;,0),(-Aa;,0))= / - = logA. 

5((-a;,0),(-Aa;,0)) = -(A + ^) = cosh(i((-w, 0), (-Aw, 0)). 

2 A 
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Thus the proposition is true in the special case P = {—u, 0), P' = {—Xco, 0). Note that 
5 is a point-pair invariant. Since U{2,1) acts doubly transitively on &2, there exists 
for all P, P' e ©2 an element g G U{2, 1), such that g{P) = {-uj, 0), g{P') = {-Xuj, 0), 
A = exp((i(P, P'))- Therefore, by point-pair invariance, we have 

cosh d(P, P') = cosh d{{-uj, 0), (-Aa;, 0)) = 5{{-uj, 0), (-Aa;, 0)) = 5{g{P), g{P')) 
=S{P,P'). 

□ 

Proposition 3.5. For g = ( bi 62 63 | e U (2,1), the following formulas hold: 

Cl C2 C3 



(1) 



5{P, g{P)) + 5{Q, g{Q)) + 5(P, g{Q)) + ^(P)) 



^^■^^^ =\ + 2(|air + l«3|' + |ci|^ + |C3|2) + (|a2|^ + |c2|^ + + I63I') + \\h2\\ 
where P = (— u;, 0) and Q = (— aJ, 0). 

(2) 



(3.18) 5((1,0),^(1,0)) ^l + l X^d^.f + l^.f + hi')- 

Proof. It is obtained by a straightforward calculation. 

□ 

Proposition 3.6. The triangle inequality for the metric function 5 on the complex 
hyperbolic space: For all P,Q,R & &2, the following inequality holds: 



Proof. Since 5 is a point-pair invariant, it is sufficient to prove (3.19) only in the 
special case Q = (§, 0). Set P = {£1+^ + it^, zi) and R = {P^±^ + it2, Z2). Then 



2pi 2p2 

and 

5(P, R) = ^^[(pi +P2 + \zi - Z2\^f + 4(t2 - ti + Im2;i^)2 + 4pip2]. 
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Note that \zi — < 2(|2ip + |;22p) and |Im2;i22| < |-Si||-22| < id-^iP + we have 

8pip2S{P, R) < (pi + p2 + 2\zif + 2\z2\Y + (2|*i| + 2|t2| + l-^il^ + + 4pip2. 

By 2|ti||t2| <tl+tl and 2|tj||2j-|2 < + |^^.|4^ ^ 2, we have 
Spip2S{P, R) 

<pI + pI + 9\zi\^ + 9\Z2\^ + 6pip2 + 4(pi + P2){\zi\^ + \z2f) + 10\zi\'^\z2f 

+ ml + ml 

<9{1 +pI + l^il^ + 6pi + 2\zi\^ + 2pi\zi\^ + Atl) 

x{1 + pI + 1^2!^ + 6p2 + 2|^2p + 2p2|^2p + ^4) 
=576S{P,Q)S{Q,R). 

Hence, 5{P,R) < 725{P,Q)5{Q, R). Interchanging P and Q, we obtain the other part 
of the inequahty. 

□ 

Theorem 3.7. Let 
(3.20) 0(Z,Z';s)= [ P{Z,WyP{Z',Wf-'dm{W). 

Then one has the following formula: 
(3.21) 

0(Z, Z'; s) = -^^^mizi)(l)-i«-F(s, s - 1; 2s - 1; -W') + (s ^ 2 - s), 
s — 1 L [2 — s) 4 

where dm{W) is the Lebesque measure on d&2, u = u{Z, Z') is the point-pair invariant, 
and {s ^ 2 — s) is equal to the first term on the right hand side with s replaced by 2 — s. 

Proof. (p{Z,Z';s) is a point-pair invariant. Thus, it suffices to calculate it for Z = 
{z,t,p) = (0,0, p) and Z' = (z'.t'.p') = (0,0, p'), i.e., Z = (ip,0) and Z' = (|p',0). 
Let p and p' stand for (p, 0) and (p', 0), respectively. Now, p{Z, Z') = |(p + p') and 

(p+pr (A+i)^ (A -1)2 

a{Z,Z) = — - — ; — = — — — , u- 



App' 4A ' 4A ' 

where A = p/p'. For W e d&2, wi — \\w\'^ + iv and W2 = w, where e C, v e R. 
p{Z,W) = l(p+\w\'^) + iv and p{Z',W) = l{p' + \w\'^) + iv. Hence, 

Ht^P^T^P'-^s) ^ / / |l. ^1 |2^^^ 12^.1 W / ^l I2^^^ |2(2-a/ "^^"')^^- 

2 2 JcJR\i{p+\wr)+iv\^\i{p+\w\) + ^'"r^ ' 
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212-s 



By transform w = re*^ with r > 0, 6* G [0, 27r) and tt = r^, we have 

,,1 1 , . ,„ . ,2- r r ''Mrff 

^(5P,5P;«) = i6./'P I I + „)2 + + „)2 + , 

Set V = (p' + u)y/w, then 

Jo [{p + u)^ + v^Y[{p' + u)^ + v^]^-' 2^^ Wo 

where / = /(-u) = 

By (see [Er], p.ll5, (5)) 

F(a, 6; c; 1 - ^) = ^''-^(l + + sz)--ds 

for Re(c) > Re(6) > 0, |arg(2;)| < tt, we have 

/■oo -1 

/ w-^l+wy-\l + wl-^)-'dw = -^F{s,-;2;l-r^). 
Jo 2 2 

Now, we need the foUowing two formulas: 

(1) ^ = i-r2,^ = i-R 

By (see [Er], p.l05, 2.9.(3)) 

F{a, b; c; z) ^ {1 - 2:)-"F(a, c - 6; c; ^), 

one has 

F(s,i;2;l-r2) = pF(.,|2;l-Z2). 

(2) ^ = 1-/2, = 

By (see [Er], p.l08, 2.10.(1)) 

^/ , N r(c)r(c — a — 6) ^ . , , ^ , 

F a,6;c;2; = ^ j^F{a, b; a + b - c+ 1;1 - z) 

r(c — a)r(c — 6) 

+ W ''^X!!r - ^)°"""'-^(^ - a, c - 6; c - a - b + 1; 1 - z), 

r(a)r(6) 

where | arg(l — -2)| < tt, one has 
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Hence, (/>(^p, 2P'; s) — (pi + 0//, where 

I = £^ implies that u = Thus, du = -f^dl and p' + u = Without 

loss of generality, we can assume that p < p'. Then 



We have 



\l-l)F{s,^;s + ^;l^)dl 



+ 2A;+1 2A; + 2 (2A; + 1)(2A; + 2) ^ 
=AF(..i;. + i;A^)-|l^F(.-l,i;.-i;A^)+ ^ + 



2' 2' ^ 2s-2 ^ '2' 2' ^ s-ly/7rT{s)' 
Here we use the following formula: 

^■(.-i.4''-^^i) = 7lf(|' ^-'W^"- 

Similarly, 



j\l-l)l^-^^F{2-s,^;^-s;l')dl 



2-2s ^ '2' 2 ' ^ 3-2s ^ '2' 2 ' ^ 2 - 2s 0Fr(2 - s) ' 
for Re(s) < 2. 
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Set z = -A, then -^^^ = -u'^. By (see [Er], p.lll, 2.11.(5)) 

F(a, 6; 26; j^f^^ = + ^)'"^(«. a + ^ - 6; 6 + ^; ^^^^ 



we have 



Thus, 



and 



F{s, i; s + 1; A^) = (1 - A)-2^F(s, s; 2s; -u'^), 
F{s-I,^;s-^;X^) = {1- Xf-^'F{s - 1, s - l;2s - 2; -u-'), 
F{l-s,^;^-s; A^) = (1 - Xf^-^F{1 - s,l - s;2 - 2s; -u-'), 
F{2-s,^;^-s; A^) = (1 - Xf-^-^F{2 -s,2-s;4-2s; -u-'). 

h = - ^^'^^$7^A^u)-^-'ns. s; 2s; -w') 
V7rr(2 - s) 



47r^ r(f-g) 
s - 1 v^r(2 - s 

47r r(i-s)r(. + i) 



(4«)-*F(s - 1, s - 1; 2s - 2; -«-') 



s-1 r(s)r(2-s) 



A^(l-A)-^ 



W = - 1^^^^F7t(4«)^"'^(1 -sA-s;2-2s; -u-') 
T(s - ^) 

- 47r^ ,V (4^)""^F(2 - s, 2 - s; 4 - 2s; -u"^) 
V7rr(s) 

4. r(.-i)r(i-.)^.^^_^^_. 



S-1 r(s)r(2-s) 



Note that 



r(^-^)r(s+l)+r(s-l)r(^-s) = (s-l)r(i-s)r(s-l)+(l-s)r(s-l)r(l-s) 

Moreover, we need the following lemma. 

Lemma 3.8. The following formula about hypergeometric functions holds: 

7F - l3zF{(3 + 1,7 + 1)- 7F(a - 1) = 0, 

where F denotes F{a, (3; 7; z), F(/5+l, 7 + I) stands for F{a,P+l; 7+I; z) and F{a 
stands for F{a — 1, P; 7; z). 
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Proof. It is obtained by the integral representation of hypergeometric functions. 

□ 

By Lemma 3.8 and the following formula (see [Er], p. 103, (35)): 
(7 - 1)F(7 - 1) - aF{a + 1) - (7 - a - 1)F = 0. 

we get 

(2s - l)F{s, s-l;2s-l-z)-{s- l)zF{s, s; 2s; z) - {2s - l)F{s -l,s-l;2s-l;z) ^ 0, 

(2s-2)F(s-l, s-1; 2s-2; z)-{s-l)F{s, s-1; 2s-l; z)-{s-l)F{s-l, s-1; 2s-l; z) = 0. 
Thus, we have 

4s — 2 4s — 2 

- — ^F(s, s - 1; 2s - 1; ^) = zF{s, s; 2s; z) + - — -F{s - 1, s - 1; 2s - 2; z). 

Substituting this identity to the expression of 0(|p, |p'; s). We get the desired results. 

□ 

Consequently, we have 

Corollary 3.9. The following formula holds: 

(3.22) 0(Z, Z'; s) = ^c(s)c(2 - s)[r(Z, Z'; s) - r(Z, Z'; 2 - s)], 

s — 1 

c(s) 



v^r(s - i) 



r(s) 

Corollary 3.10. T/ie functional equation for the trivial group on ©2-' If R^{,s) > 1, 
then the following identity holds: 

TT v^r(.-i: 



(3.23) / P(Z, Wy\piW, W')\-'^^^-'UmiW) = ' .\ ' 4^"'P(Z, W^')^~', 

iae2 « - 1 r(s) 

Proof. The integral on the left-hand side is absolutely convergent. We set 

P{Z\W)- P^^'^ 



\p{Z',W)\^ 



in the formula of Theorem 3.7. Next, we multiply both sides of the formula by p{Z'Y ^ 
and take the limit as Z' — > W' e d&2- Thus we get the desired results. 

□ 
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Proposition 3.11. The integral formula for the Poisson kernel: 
(3.24) / P{Z,Wydm{W) ^ -^ ^^J;^ ~ ^h ^'^p^'^ for Re{s) > 1. 

Proof. Denote the left hand side of (3.24) as f{Z), then 

f{Z)=p' [ \zT + wi-z^W2\-^'dm{W). 
Jde2 

Set zi = ^^^^ — h ir, Z2 = z, wi = — h it and W2 — w, where 2, w e C, r e M, we 



have ^ 

f{Z)^p' [ [ +i{t-r + lm{zW))\-^'dm{w)dt 

= P' / / l^^^^T^ + it\-^'dm{w)dt 

, r°° rdrdt 
Jo J-oo [Up + r^r + t^Y 



= 2ttp 
= 2^'-^7rp' 



4' 

°° drdu 



By the weU known formula (see [Ku], p. 15): 

dt ^T{s - \) 



we have 



□ 



"'^ ^ s-1 T{s) ^ 
We define the S-matrix as follows: 
(3.25) S{W, W- s) := J] \p{l{W), W')\-^^\j{^. 

for W, W e 0(r) and Rc{s) > 6{T). 

Theorem 3.12. Assume thatV is convex cocompact andd{r) < 1. Then the follow- 
ing functional equation for Eisenstein series holds: 



(3.26) / EiZ,W;s)S{W,W'-2- s)dm{W) = ^L^ ^^J^^ E{Z,W']2- s), 
Jr\n(r) s-l T{s) 
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fori < Re{s) <2-6{T). 
Proof. By Corollary 3.10, 



(3.27) / EiZ,W;sMW,W')\-'^^-^^dmiW) = ^^^^^^^^^-^EiZ,W';2- s). 
On the other hand, 

/ f{W)dW = [ V f{^{W))dm{^{W)) 
Jde2 Jr\fi(r) 

Y,\J{7{W))\f{^{W))dm{W). 

r\n(r) 

Hence, the left hand side of (3.27): 

= / J]U(7,W^)r1j(7,W^)P^^(^,W^;^)|p(7(W^),W^0r'^'-^^^rn(W^) 
Jr\Q{r) 

= / E{Z,W;s)S{W,W';2 - s)dm{W). 

□ 

Proposition 3.13. Assume that F is convex cocompact and S{r) < 1. Then the 
following product formula holds: 

I E{Z,W;s)E{Z\W;2- s)dm{W) 

(3.28) -^rxficn 

^-c(s)c(2 - s)[G{Z, Z'; s) - G{Z, Z'; 2 - s)], 



where 6{T) < Re{s) < 2 - 5{T). 

For s e C, similar as in [Mai] and [Ma2], we set 

Ll(T) := {/(^, ■) : f{s, ■) G C°°(0(r)), /(^, 7(W^))j(7, Wf-^ = /(s, H^), 7 G T}. 

If /(s, •) e -£'s(r), we define the Eisenstein integral: 

E{Z,;s):Ll{T)^C^{T\e-,), 
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(3.29) E{Z,f,s)= [ E{Z,W;s)f{s,W)dm{W), for Re(s) > 5(r), 
and the scattering operator: 

(3.30) Ss{f){z,t) lim p(Z)-[£;(Z, /, .) - ^J"'^ /(., {z, t))p{Zf-% 

where 6{r) < Re{s) < 2. 

Now, the functional equation for Eisenstein series can be written in terms of Eisen- 
stein integrals as 

(3.31) E{Z, S2-s{f),s) = 1^ ^^^l^p^^(^' /' 2 - 
and in terms involving the scattering operator as: 

r3 32^ - r(.-i)r(f-.) 

^^•^^^ - "(.-1)2 r(.)r(2-.) 



4. Product formulas of weight k on U (2, 1) 

In the case of SL{2, R), many people, especially Maass [M], Selberg [Se], Roelcke [Ro], 
Fay [Fa], Elstrodt [El], Hejhal [H], and Shimura [Sh2] studied the eigenvalue problems 
which concern a homogeneous equation 

(Afc - X)f{z) = 0. 

Here / is a function on the complex upper plane 

H = e C : Im(^) > 0}, 

and Lk is a differential operator given by 

2/92 92 \ ,8 
\ ox"^ oy^ J ox 

where z = x -\- iy and k is an integer. Let F be a congruence subgroup of SL{2,Z) 
and assume that / is a F-automorphic form of weight k in the sense that it is invariant 
under 

f^fiiizmcz+dy^icz+d]^ 
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for any 7 — I ^ 1 G F. In fact, Lk commutes with the above map. One of the 

most remarkable facts about such A and / is the existence of Selberg zeta function (see 
[Se]), whose set of zeros coincides essentially with the set S(r,k) of s G C such that 
X — s{l — s) occurs as an eigenvalue of as in the above equation with a cusp form / 
(see [Sh2]). 

Now, we study the corresponding problems in the case of U{2, 1). 
Proposition 4.1. Let 

(4.1) 



X 



[zi + zi) + + Z2^=zK h Z2 „ „_ + h a^zz 

OZiOZi OZ2OZ2 OZ1OZ2 OZ1OZ2 OZi OZi 



and 

(4.2) E{Z,Z;a,P)= Yl 3{l,Z)-'^J^)~\ 

7ernAr\r 

where F = t/(2, 1; C) is the Picard modular group. Then the following formula holds: 

(4.3) L(,,^)£;(Z,Z;q;,/3) = 0. 



Proof. We have 



92 92 92 _ 92 ■ 

[Zl + Zi)- -= + -= + Z2-^ZK ^ Z2-^ ^ 

OZiOZi OZ2OZ2 OZ1OZ2 OZ1OZ2 



[j(7,^)-"j(7,^) ] 



=a/5[au(7, ^)-"-'j(7, Z) " + 01^(7, ^)-"j(7, Z) 



-13-1, 



d 



d 



Hence, L(^^^ij-^E[Z., Z\ a, P) = 0. 
Set 



□ 



(4.4) EskiZ, Z; (3) = p{ZfE{Z, Z- a, /3) = J] 



p{zy 



7ernAr\r 



j(7,^)^1j(7,^)P^ 



with 3/c = q; — /3. 
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In particular, when j3 = —k and o; = A;, we have 



X 



_ d 
[Zi + Zi) ^ + ^ + Z2-^ZZ^ + Z2-^—^ - k{- 



d 



dzidzi dz2dz2 dzidz2 dzidz2 dzi dzi 
Proposition 4.2. The operator has the following automorphic property: 

(4.5) Lfc[/(7(^))J(7, Zy'^ji^f] = j(7, Z)-'^j{^f{Lkf){^{Z)), 

for J e U{2, 1) and Z = {zi, Z2) G C^, where f = f{Z, Z) is a real analytic function. In 
other words, commutes with the following map 



(4.6) 



/(Z)^/(7(Z))j(7,^)-"j(7,^) 



Proof. For 7 



e U{2, 1), one has 7J7* = J, i.e., 



Denote 



' -aias + 0202 - aias = 0, 
-0361 + 0262 - aibs = 0, 
-ascT + a2C^ - aic^ = -1, 

-6361 + 62^2 - = 1, 
-630! + b2C^ - hc^ = 0, 
-C3Cr + C2C^ - cici" = 0. 



7(^1,^2) = (^(21,22), ^(^1,^2)) 



Set 



^1,2 : 

A2,l 



d f aizi + a2Z2 + as 



dzi \ cizi + C2Z2 + C3 
d ( a\Z\ + 02^2 + 03 



dz2 V Cl-21 + C22;2 + C3 

d ( bizi + b2Z2 + bs 



dzi \cizi + C2Z2 + C3 



aiZi + 022:2 + 03 ^1-^1 + ^2-^2 + ^3 
cizi + C22;2 + C3 ' cizi + 022:2 + C3 

[{aiC2 - a2Ci)z2 + (aiC3 - asCi)]j{^, Z)~^. 

[(a2Ci - aiC2)^i + (a2C3 - a3C2)]i(7, Z)"^. 
[(61C2 - 62Ci)2;2 + (61C3 - 63Ci)]i(7, Zy^. 
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^2,2 := -S— I ^IfllL^^fllL^ J = [{h2Ci - biC2)zi + (62C3 - &3C2)]j(7> Zy^. 

OZ2 \CiZi + C2Z2 + CiJ 

We have 

Lk{l{Z)) ={u + u-vv) 

X \(u^u)-^ + -^+v-^+v-^ -k(— - —\] 
dudu dvdv dudv dudv \du du J _ ^ 

while u + u — vv= {zi + zi — 2:2:22) |i (7, ^)r^- 
On the other hand, 

ovov ou ov ou ov 

where 

' = (zi + zT)Ai^iA^ + Ai^2A^ + ^2^1,2^17 + z^Ai^iA^, 

Fl,2 = {Zi + 21)^1.1^2,1 + ^1,2^2,2 + ^2^1, 2^2,1 + ^^1,1^2,2, 

i^2,2 = {Zi + ^1)^2, 1^2,1 + ^2,2^2,2 + ^2^2, 2^2,1 + ^^2,1-^2.2, 
< _ _ _ _ _ 

Hi = -kAi^i + k[{zi + zi)ciAi^i + 02^1,2 + 2201^1,2 + ^2C2^i,i]j(7» Z) , 

H2 = -kA2,i + k[{zi + zt)ciA2^\ + C^^2,2 + ^2Cr-A2,2 + ^2C^^2,l]j(7> ^)~\ 

F2,i = Fi 2, Gx = —Hi, G2 = —H2. 
Now, we will prove that Fi^i = (it + u)\j{'f, Z)\~'^. Note that 

Fi,i\jh,Z)\' 

= {zi + zT)[{aiC2 - a2Ci)z2 + (aiCa - asCi)] [(oTc^ - o^)zi" + (oTc^ - oicl)] 
+ [(a2Ci - aiC2)zi + (a2C3 - 0302)] [(a^ - aic^)z^ + (aici - oic^)] 
+ Z2 [(a2Ci - aiC2)zi + (02C3 - 0302)] [(oTci" - a2Ci)z^ + (oTci - oicl)] 
+ ^[(oiC2 - 02Ci)2;2 + {aiCs - 0301)] [(o^ - alc^)^! + (o^-oic^)]. 

On the other hand, 

u+u = [(ai2i+a222+a3)(cl2r+c^+ci) + (a^+ai2^+ai')(ci2;i+C222+C3)]|j(7) Z)\~'^. 
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Now, we need the following six identities: 

(a2Ci - aiC2){a^ - olc^) 
=(aia3 + aia3)cici — aia2CiC2 — aia2Cic^ + aiol (cics + cacT) 
=aici (asci - a2C2 + aics) + aici (oaci - 0202 + oics) 
=a\C\ -\- a\C\. 

(aiC2 - a2Ci)(aTci' - oicT) 
=aTc2(l — ascT + 0202) + a2cr(l + 0202 — oTcs) — aTa2CiC3 — 01030102 
=oiC2 + 02 cT + ciC2(— oios + 02O2 — oioa) + 0102(0202 — cTcs — C1C3) 

=OiC2 + 02Cr. 

(02C3 - 03C2)(aTci'- o^) + (01C2 - 02Ci)(a^-oic^) 
=0202(0103 + oici) + 0202(0301 + 01C3) - 01030202 - 02O2O1O3 - 02O2O1C3 - 01O3C2C2 

=02C2 + 0202 + 0202(0202 - 0703 - OiOi) + 0202 (02C2 - C{Cz — C1C3) 
=02C2 + 0202- 

(01C3 - 03Ci)(aIci' - o^) + (02C1 - oiC2)(a^ - o^) 
=oici(aIC3 - 0^02) + a^ci(o3cr - 02C^) - oia^cic^ - 01O3C1C3 + 020^010^" + oiaic2C^ 
=010^^ + oici - oiai(cici + clcs - C2C2) - cic^{aia^ + 0703 - 020^) 

(0203 - 03C2)(aTc5" - OicT) 
=0203(1 — 03C1 + 0202) + 0302(1 + 0202 — oics) — 0T03C2C3 — 02030103 

= 02C3 + a^C2 - O2Oi'(0iC5' + crC3 - C2C2) + C2C^(020^ - OiOi" - 0IO3) 
=020^+0^02. 

(02C3 - 03C2)(0^ - OiC^) 

=03ci'(l - oici - 0TC3) + aic3(l - 03cr - oic^") + 02a^C3ci + 030^02 
=a3C3 + a3C3 - 03ai(cici' + o[cz - C2C2} - czc^i^a^ + oioi - 020^) 

By these identities, we get the desired formula. 
Similarly, we have 

Fi,2=^|j(7,^)r', F2,i^v\j{^,Z)\-\ F2,2=\3{l,Z)\-\ 

and 

Hr = -k\j{^,Z)\-\ H2 = 0, Gi = k\j{^,Z)\-^ G2 = 0. 
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Therefore, 



Lk{f{l{Zm^,Z)-'^j{^,Z)>^) 
=j(7, Z)-'^j{^,Z)''{z, + z^-Z2Z^M^,Z)\-^ 



X 



, f d d 



f{l{Z)) 



j{^,Z)-^3{-f,Z)\Luf){i{Z)). 



□ 

For the Picard modular group F = t/(2, the Eisenstein series of weight k is 
defined by 

(4.7) E{Z;k,s)^ Yl 3{l.Zf3{l.Z)-^p{^,Zy, for Re(s) > 2, A; e Z. 

7ernAr\r 

Theorem 4.3. The Eisenstein series satisfies the following equation: 

(4.8) LkE{Z;k,s)^ s{s-2)E{Z;k,s). 

Proof. First, we note that 

L.p» = L,- + ,.*(A-A),. = ,(,_2),.. 

By Proposition 4.2, we have 

LkE{Z;k,s) = Yl Lk[p{i{Z)yj{^,Z)-'^j{^,Z)^] 
7ernAr\r 

= E jii^z)-'^mz)\L,p^){i{z)) 

jernN\T 

= s{s-2) Yl i(7,^)-'j(7,^)V(7(^)) 

7ernAf\r 

= s{s - 2)E{Z;k,s). 



Set 

(4.9) J(7,Z)- ^^^'^^ 



□ 



\j{l,Z)[ 
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Then J(7, Z) = e^^^s^'^^-^). 

A generalized automorphic form on the Picard modular group F = t/(2, of 
weight 3k is given by 

(4-10) ^^^^^^^^wMf^^^^ 

Put 

(4.11) 7/,(z,W) = ^|||j^ for Z,Wee,. 

Definition 4.4. For any function $ e C°°(R), the associated real point-pair invariant 
is given by 



(4.12) k{Z,W)^^ 



p{Z)p{W) 



where Z,W e&2- 

Proposition 4.5. The following formulas hold: 

(1) k{Z, W) = k{g{Z),g{W)), for any geG. 

(2) k{Z,W) = k{W,Z). 

Definition 4.6. Let $ e C°°(R) be a real-valued function. The complex point-pair 
invariant is given by 



(4.13) Kk{Z,W) = Hk{Z,W)^ 



\p{Z.W)\^ 

Az)p{w) 



where Z,W e&2- 

Proposition 4.7. The following formulas hold: 

(1) Hk{g{Z), g{W)) = J{g, Zf^Hk{Z, W)J{g, W)-''\ for geG. 

(2) Kk{g{W), g{W)) = J{g, Zf'^Kkj Z, W)J{g,W )-^\ for geG. 

(3) \Hk{Z,W)\ = l^andHk{Z,W) = Hk{W,Z). 

(4) KkiZ,W) = KkiW,Z). 



Proof. Since p{g{Z), g{W))j{g, Z)j{g, W) = p{Z, W) for geG. We have 
, ^^Hk{Z,W) 



H,(g(Z), g(W)) = ^^ ^^ H,(Z, W) ^}^'' = J(g, Z?'H,(Z, W)J(g, W)-'K 
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The others are trivial. 

Lemma 4.8. The following formula holds: 



□ 



(4.14) LkKk{Z,W) = Hk{Z,W) 



where a{Z,W)^^-0^. 

Proof. It is obtained by a straightforward calculation. 



By LkKk{Z, W) = s{s - 2)Kk{Z, W), one has 
(4.15) 



□ 



s{s-2) 



$(C7) = 0. 



ia-l) 

It is known that the Fuchsian equation with three regular singularities a, b, c is given by 



w 



dz^ 



+ 



1 - Q!l - 0:2 _|_ 1 - A - /32 _|_ 1 - 71 - 72 



z — a 



z-b 



z — c 



dw 



+ 



X 



aia2{a - b){a - c) _^ (3i/32{b - c){b - a) _^ 7172(0 - a) (c - 5) 



z — a 



z-b 



dz (z — a){z — b){z — c) 
w = 0, 



z — c 



where (Q!i,ct2), (/9i,/92), (71,72) are exponents belonging to a,b,c, respectively, and, 
they satisfy that ai + 012 + /^i + /32 + 7i + 72 = 1- The solution of this equation is given 
in Riemann P-notation by 

a b c 
w{z) = P ^ ai Pi 'ji;z} . 
OLi (32 72 



When c = 00, it reduces to 



d'^w 



dz'^ 



X 



+ 



1 - cti - q;2 _|_ 1 - /3i - /32 



z — a 



z-b 



dw 



+ 



1 



aia2{a — b) PiP2ib — a) 

H ; h 7172 



z — a 



z-b 



dz {z — a){z — b) 
w = 0. 



Now, in our case. 



a = 0,b = 1, c = 00, ai = —\k\, a2 = \k\, Pi = 0, P2 = —1, 71 = s, 72 = 2 — s. 
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and 

( 1 oo 

=P< -\k\ s ;a 
[ \k\ -1 2-s 

f 1 oo 

^a-^^^pl s-\k\ ■,a 
[2\k\ -1 2-s-|A;| 

=a-\''\F{s - \k\,2 - s - \k\;l - 2\k\;a) 

_ _ |A;|,, - 1 - |A;|; 1 - 2|A:|; ^) 

cr — i 

=a-\''\(l - a)\''\-'F{s - \k\,s - 1 - \k\;2s - 1; 

(7 — 1 

Now, we set 

K{Z, W; k, s) =— -1— A^— ,{ir-'p{Z, Wfp(Z, Wy 



(4.16) {\k\ + l-s)T{2-s)H^ 

X - - |A;|, s - 1 - 2s - 1; —). 

cr — 1 

It has the following property: 

(4.17) K{^{Z), ^{Z'y, k, s) = j(7, ^)'j(7, ^)-'j(7, ^')"'i(7, ^)'i^(Z, Z'; /c, s). 
Moreover, note that p{Z', Z) = p{Z, Z'), we have 

K{Z', Z; k, s) = K{Z, Z'; -k, s). 
The automorphic Green function of weight k is given by 

(4.18) G{Z,Z';k,s) = ^K{Z,'y{Z');k,s), for Re(s) > 5(r). 

By the same method, we can prove that the right hand side of (4.18) is convergent if 
Re(s) > 5{T). 

The automorphic Green function of weight k has the following properties: 

G{Z, Z'; k, s) = G{Z', Z; -k, s), Lk{Z)G{Z, Z'; k, s) = s{s - 2)G(Z, Z'; k, s), 
Furthermore, 

L-k{Z')G{Z, Z'; k, s) = L-k{Z')G{Z', Z; -k, s) 
=s{s - 2)G(Z', Z; -k, s) = s{s - 2)G{Z, Z'; k, s). 
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The Poisson kernel of weight k is given by 
(4.19) PkiZ,W;s) = p{Zyp{Z,W)''-'p(Z,W)-''-', 

where Z e 62, W e ^62. By 



p{-f{Z), 7(I^))j(7, Z)jh, W) = p{Z, W), j{-f, -f-\W)) - j(7"\ W)-\ 
we have 

PMz),w-,s) = Pkiz,j-\wy,s)ji^,z)'^ji^,z)-'^j{^-\w)''-'j{^-\Wr^^^ 

The Eisenstein series with respect to 56 2 of weight k is defined by 

(4.20) E(Z,W^;/c,s)-^j(7,^)"'j(7,2^)'^'fe(7(^),^^;«), for Re{s) > 6{r). 

-yer 

Here F is a discrete subgroup of U{2, 1). Now, we have the foUowing formula: 
where Z E 56 2 as p(Z) — > 0. Consequently, 

Lemma 4.9. The Eisenstein series of weight k satisfies the following three equations: 

(1) LkE{Z, W; k, s) = s{s - 2)E{Z, W; k, s). 

(2) E{j{Z),W; k, s) = E{Z, W- k, s),forje T. 

(3) EiZ,g{Wy,k,s) = j{g,Wy->^j{g,Wy+''E{Z,W;k,s), where geT. 
Proof. In fact, 

LkPkiZ, W- s) = s{s - 2)Pk{Z, W; s) + (P - s^)p{W)Pk{Z, W; s + 1). 
Since p{W) = 0, L^PkiZ, W; s) = s{s - 2)Pk{Z, W; s). By Proposition 4.2, 
LkEiZ, W; k,s) = J2 Lk[PkiliZ),W; 5)^(7, Z)-^j(7, Z)^] 

= J] j(7, Z)-'^ji^,Zy{LkPk){l{Z), W; s) 

=sis - 2) ^ j(7, Z)-^j(7, Z)^Pfc(7(Z), s) 

-yer 

=s{s-2)E{Z,W;k,s). 
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To prove the third identity, we note that 

By Proposition 2.9, we have 
E{Z, g{Wy, k,s) = J2 i(7, (7, PkiliZ), giW); s) 

= Y^jh,z)-'^j{^,zyp,{^{z),w;s)j{g,wy-'^j{9,wy+'^ 

=j{9, Wy-^'jig, Wy+^E{Z, W; k, s). 



Theorem 4.10. Set 



□ 



(4.21) / Pk{Z,W; s)P-k{Z' ,W;2 - s)dm{W). 

Jde2 

Then the following formula holds: 

(t){Z, Z'- k, s) = K{Z, Z'; k, s) + K{Z, Z'; k,2-s) 
=(j){Z', Z; -k, 2-s) = K{Z', Z; -k, s) + K{Z\ Z; -k, 2 - s), 

where k — or k — ±1. 

Proof. In fact, if A; = 0, this is Theorem 3.7. Now, we only consider the nontrivial 
case A; = ±1. 

For 7 e G, 

0(7(Z), 7(Z'); k,s)= [ PkiliZ), W; s)P^k{l{Z'), W; 2 - s)dm{W) 

Jd&2 

=j(7, zyj{-f, z)-^j{^, z')-'j{^, z'f I Pk{z, i-\wy, s) 

Jde-2. 

X P_k{Z', ^-\W); 2 - s)3{^-\ W)-''3{-^-\W)-''dm{W). 
Since dm{^~^{W)) = ,W)\~^dm{W), we have 

(4.23) 4>{l{Z), liZ'y k, s) = j(7, ^)'j(7,^)"'i(7, ^')"'i(7,^) Z'; k, s). 
Thus, (f){Z, Z'; k, s) is a point-pair invariant covariant with respect to the weight k. 
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By the double transitivity of U{2, 1) on 62, there exists a 7 e t/(2, 1), such that 

Z = 7(^p,0), Z' = 7(^p',0). 

(* * * 
* * * I 5 then 
ai 02 03 

I'/ ■^\i2 1"^ i2 "^21 i2 "^1 i2 I i2 



2--/, 



Denote 



then > 0. 
Since 



1 1 

(j){Z, Z'; k, s) = <i){l{^p),l{^p'); k, s) 
=J(7, lp)''j{l, lp)~''jil, IpVjil, \p'f<t^{\p: \p'\ k, s). 



By (4.24), we have 



p{Z, Z ) = p{j{-p), -f{-p )) = _\ 1 = n ( . 



Hence, 



(4.25) __ ^ ^ 

=p(z,z')V(^,z')-V(2P. 2'"';^,^)- 

I p 

For W e 9©2, i-c, wi = + zv, W2 = w with G C, G R. 

p(Z, W^) = + W) = ^-±^ + iv. 

Therefore, 

Af^ ^ ' 1 \ ^R s /2-s f f I 1 

<?'(oP> 7^P',k,s) =16p p 



2^'2^' ' ^ jRic |P+kP + 2ivP* |p' + kp + 2i^;|4-2s 

fc 

X ( ^ ' ! — !„ ' . 1 ( ' ! — ' . 1 dwdwdv. 



p+\ 


\w\ 


|2 + 2iv 


p+\ 


\w\ 


|2 - 2iv 



P'+\ 


\w\ 


|2 + 2iv 


p'+\ 


\w\ 


|2 - 2iv 
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Set w = re*^ and « = r^, then 

1 1 /"°° 
(/>(-p,-p';A:,s)=167rpV'-^y_ 



1 



1 



X 



p + w + 2m; \ / p' + ?i + 2m; 



p + w — 2iv y \p' + u — 2iv 



=87rpV 



/2-s 



OO /•OO 



1 



dudv 

1 



|p + W + if ps |p' + tt + Zd|2(2-s) 



f V 

X exp(2A;i(arctan — ; arctan — ^— ^ — ))dudv. 



p + u 



By 



we have 



f V 

arctan arctan — = arctan 



p' + u' 
(p' - p)v 



p + u 



p' + u (p + u) (p' + tt) + ' 



/ 

-OO -/O 

X exp(2/ci arctan 

=167rpV'^' 

X cos 2k arctan 



[(p + tt)2 + V^js [(p' + tt)2 + |;2]2- 
(p' - p)v 



OO poo 




(p + tt)(p' + u) 

1 



)dudv 



io [(p + ^^)2+^;2]M(p' + «)2+f2]2- 

(p' - p)?; 



(p + u){p' + u) +v' 



rdudv. 



Assume that p < p', set A = v = (p' — p)w and I = then u = ^ du 



p -p 



(1-0- 



dl. We have 



^{}-p}-p'-k,s) =167rA*(l-A)-2 



X cos 2A; arctan 



OO />1 







/2 



(1-0^ 



(1-0^ 



s-2 



2 I / 



t(;2 + 



(1 -O^^c^^t^ty. 



Set w = then 

<t>{-p,-p';k,s)^8ny{l-X)-^ {1 - l)dl v-'^l + vy-\f + v)- 



X cos 2k arctan 



v + l 



dv. 
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Let X = arctan -^^^q^^, then 

_l-ta.n^x _{v + lf -{l-lfv 
l + tan^x {v + l)^ + {1 - l)^v 

We have 

(v + l)^ - (1 - l)^v 

cos 2kx = cos k arccos 



(v + /)2 + {l-l)^V J ■ 

It is known that the Tchebichef polynomial 

Tn{x) = COS (n arccos = F{—n,n; ^; — r-^)- 

Hence 

1 {l-l)'^v 

cos 2/s3J = ^( /c, /c; — 5 7^ 7- 7777 ) . 

^ 2 + {1 + P)v + P^ 

Therefore, 

11 

cP{-p,-p';k,s)^8ny{l-X)-^ {I - l)dl / v-'^ {I + vy-\f + v)-' 

J \ «/ 

We know that 

171/ ; ; -'- \ {~k)n{k)n n 

F{-k, k; ::;x)^}_^ -y- X . 

Thus 

0(ip, Ip'; k, s) =87rA^(l - A)-^ iz^l^ _ ;)2n+ip2(.+n)^; 



n=0 "''(2)n 

/■oo 

X / v''-^{l + vy-''-^{l + vl-'^)-'-''dv. 
Jo 

By the following formula 

F(a, 6; c; 1 - ^) = + + sz)-'^ds 

for Re(c) > Re(&) > 0, | arg(z)| < tt, we have 



r(n+i)r(n + |) ^1 



r(2n + 2) ' '2 
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Hence, 

2 ^ ^ ^ £^0 ^'(i)" r(2n + 2) 

X / {l-lf''+H-^^'+''^F{s + n,l+n;2n + 2;l-l-^)dl. 

Note that 

1 r(n+|)r(n + |) TT 



n!(i)n r(2n + 2) 22n+i(n!)2- 

We have 

n=0 ^ "^-^ 

X F(s + n, i + n; 2n + 2; 1 - r^)^/. 

(1) Z = 1-^-2, -^ = 1-/2. 

By F(a, 6; c; ;2) = (1 - z)~°'F{a, c-b;c; j^), we have 

F{s + n, - + n; 2n + 2; 1 - T^) = Z2(*+^)F(s + n, n + -; 2n + 2; 1 - Z^). 

(2) ^ = 1-/2, 1-^ = ^2. 

By 

^/ , X r(c)r(c — a — 6) ^ , 

Fa, 6; c; z = ) ^ ^ -(Fa, b;a + b - c+ 1;1 - z) 

i (c — aji (c — 0) 

+ ^^'y/",p,^r - ^r^'-'nc -a,c-b;c-a-b+l;l-z), 

where | arg(l — z)\ < n, we have 

3 

F{s + n,n+ -;2n + 2;l-P) 
_ r(2n + 2)r(i-.) 3, , 



Y-F(s + n,n+ + -;/^) 



r(n-s + 2)r(n+ i) ' ' 2' 2 
r(2?i + 2)r(s- i) ,_2^^^ ^ 13 ,2^ 

rs + nrn+l ^ ' 2'2 ' ^ 
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Therefore, 

n=0 ^ 



where 



r(n - s + 2)r(n + I) Ja ^ ^ 

r(s + n)r(n+ f) Ja 2 2 

It is known that the incomplete beta function is defined by (see [Er], p. 87) 

Jo 

Set Up, <i) = tfef}- Note that B^{p, q) = 
Hence, 

j'\l-lf-+^F{s + n,n+^;s + ^;l^)dl 

•J A 

= y (^ + ^)-(^ +i)- [g^(2^ + 1, 2n + 2) - SA(2m + 1, 2n + 2)]. 



Similarly, 



2 2 

^ ,,J \ ^ Si(2m - 2s + 2, 2n + 2) - SA(2m - 2s + 2, 2n + 2) . 

m!(|-s)„ 



m=0 '^2 

We have 



^ (« + n),„(n + |)„ „ , 1 , , ,1 ^ («+n)„(2m-l)!!(2n)!! 



2n + 2^Js + ^)„(n + 2), 
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By 



_ {n + rn + iy. 1 _ (^i - ")»>+n+i 
(n+1)! 2 (_^_^)^^^ 

(■S ^ l)m+n+l 



. 1 _ is-n-^)m+n+l _ 

2 (s-n-2)n+i 



(4.26) is equal to 



1 (n + l)!(s-n- 



E 



m-\-n-\-\\ 2 



m+n+l 



(4.27) 



2n + 2 [s - l)„+i(-| - n)n+i (s - n - i)TO+n+i(TO + n + 1)! 
1 (n + l)!(s-n- |)n+i 



2n + 2(s-l)^+i(-i -n)n+i 

(S - l)r(-| - ?^)r. 



-E 



^ (s-n-2)^r! 



Similarly, 



E 

m=0 



(2 - s + n),n(n + i), 



m!(| - s). 



-Si(2m-2s + 2,2n + 2) 



(4.28) 



(2n + l)!r(2 - 2s) ^ (1 " «)-(^ + 



r(4-2s + 2n) (|_5 + n)™m! 

(2n+ l)!r(2-2s) 15 

— ^ — ^ T^Fil -s,n+ s + n:l). 

r(4-2s + 2n) ^ ' 2' 2 ^ ' ^ 



Therefore, 



(.s + n),„(n + |)^ 



m!(s+|) 



Bx{2m + l,2n + 2) 



2)m 



E 

m=0 

^ (i±^)l!ii!!±iks,(2rn + 1, 2n + 2)7^(2™ + 1, 2n + 2) 



m=0 
1 



m\{s + |), 

E ,„^'tr^r.^^^:; Ix{2m + 1, 2n + 2). 



Now, we need the following lemma: 

Lemma 4.11. The explicit expression of Ix{p,q): For p e C, Re{p) > and g e Z 
with q > 0, the following formula holds: 



(4.29) 



Ia;{p,q+1) = {p)q+iY^ 



P+r 



r=0 



(-1)^ X 

rl{q — r)l p + r 



Proof. 

Up, g + 1) = ^^sb, q + q + 1) 

Jo 

By Lemma 4.11, we have 

1 A is + n)ma)m (-1)- A^-+-+^ 



2^+2^o(^ + i)-(^+2)- ^ r!(2n+l-r)!2m + r + l 



2n+2 ^ r!(2n+l-r)!^j5 + |)^(n+2U 
^ (2m + l)(2m + 2) ■ ■ ■ (2m + 2n + 2) ^^^m+r+i 
2m + r + 1 

If n = 0, then r = 0,1. 

(1) r = 0, 

(2) r = 1, 

On the other hand, when n = 0, (4.27) is equal to 

1^11 1)1. 

Hence, 



x^/ 1 1 2S-1^, 1 1 2S-1^, 1 1 

- ^^(^' 2- ^ + 2 ■ ' ' + 2l^^(^ - ^- 2 ■ ^ - 2- - 2j:r^^(^ - ^- - 2- - 2 
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If n = 1, then r = 0,1,2,3. 
(l)r = 0, 



m=0 2/'tiI"JM 
--8XF{s + 1, ^; s + 1; A^) + 16XF{s + 1, 1; ^ + 1; A^). 



(2) r = 1, 



£ rZ^rlr + mm + 3)(2m + 4)A^-+^ = 8^[F(., |; . - ^; A^) - 1]. 
(3) r = 2, 

E 7^^^H|^(2r« + l)(2r« + 2)(2m + 4)A2™+3 = 8A^F(. + 1, |; . + 1; A^). 
^0 2)'n(3)m 2 2 



(4) r = 3, 



=8^A^[F(s, ^ s - 1; A^) - 1] - w^l^Ml^[F{s - 1, 1; s - -; A^) 
s ^ ^ '2' 2' ^ ^ s(s-l) 2' 2' ^ 



2s -3 

On the other hand, when n — 1, (4.27) is equal to 

2(s-j)(s-|) _3 3 2 (s-|)(^-|) 

3 s{s-l) ^ ' 2'^ 2'^ 3 s{s-l) ^ s ' 

Therefore, 



/" (1 - + n, n + ^; s + ^; Z2)dZn=i 



.2 (^-|)(^-i) j,. ^ 3 3 2 (.-i)(.-i) 1 3 2. 

3 s(s - 1) " ^' "2' " " 2' " 3 s(s-l) " ^' 2' ' " 2' ^ 

- IxFis + 1, ^; + ^; A^) + (1a^ + I ^ - ^; A^) 
-(A3 + lA)F(s + l,|s+i;A2). 
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Now, we need the following relation of Gauss between contiguous functions (see [Er] , 
p.103, (36)): 

(c - a - 6)F - (c - a)F{a - 1) + b{l - z)F{h + 1) = 0, 

where F denotes F(a, 6; c; z) and F(a±l), F(6±l), and F(c±l) stands for F(a±l, 6; c; 2), 
F(a, 6 ± 1; c; 2;), and F(a, 6; c ± 1; 2;) respectively. 
We have 

F(. - 1, 1; . - ^; A^) = iF(. - 2, i; . - | A^) + i(l - A2)F(. - 1, ^; . - ^; A^), 

ns + l.\.s+\. X') = If{s, 1; . + i; A^) + 1(1 - X')F{s + 1, « + A^)- 
By [Er], p.l04, (46), 

r(c)r(c - a - b) 

F{a, b; c; 1) = -(, c 0, -1, -2, • • • , Re(c) > Re(a + 6), 

i (c — a)i [c — 0) 

we have 
Therefore, 



r (1 - lf^+'F{s + n,n+^;s+^; f)dln=o 

*/ A 



1.- , 1.^2^ , ^-Iz..„ 1 l.„ 1.^2^ 1 r(s + i) 



- AF(s, -;.+ -; A^) + — ^F(s -I ■s---\') 



2' 2' ' s-1 ' '2' 2' ' 0F(s-l)r(s)^ 
and 



1 r(. + i) 1 (,-!)(, -I) i.,_3 2^ 

3v^(s-l)r(s + l) 3 s(s-l) ^ '2' 2'^ 
- iAF(5. i; s + i; A^) - jA(A^ + + 1, | s + i; A^). 
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By [Er], p.lll, (5), 

F{a, b; 2b; ^j^) = + ^)''^^(«, a + ^ - b;b + z^), 

we have 

F{s, i; , + 1; A^) = (1 - A)-2^F(s, s; 2s; -u-'), 

F(s - 1, ^; s - ^; A^) = (1 - Xy^^'-'^Fis - 1, s - 1; 2s - 2; -u''), 

F{s-2,ls-^;X')^{l- A)-2(^-2)F(. - 2, . - 2; 2. - 4; 

F(s - 1, 1 . - I A^) = (1 - A)-2(-i)F(s - 1, s - 2; 2s - 4; 

F(s, I s - 1; A^) = (1 - A)-2«F(s, s - 1; 2s - 2; 

F(s, 1; 5 + 1; A^) = (1 - A)-2^F(s, s; 2s; 

F(s + 1, 1 s + ^; A^) = (1 - A)-2(^+i)F(s + 1, s; 2s; -u-'). 

where u = Hence, 

f\l _ + ^,^+3^1 ^2)^;^^^ ^ _ A)-2*F(s, s; 2s; 

*/ A 



s 



(1 - A)-2(*-^)F(s - 1, s - 1; 2s - 2; -u-^] 



1 1 r(s + |) 



s-1^ ^ ' ' ' ' ^ s/tts-I r(s) 

11 1 r(s + i) 



/" (1 - + n, n + ^; s + ^; Z^)^;,^! = 



r;^ z, z, 3 -^/tF S — 1 r(s + 1) 

-(1 - A)-2(*-^)F(s - 2, s - 2; 2s - 4; -w-^) 



3 s(s - 1) 
l(s-j)(s-|) 
3 s(s-l) 



(1 - X^){1 - A)-2(^-^)F(s - 1, s - 2; 2s - 4; 



1 s - ^ 

+ (-A^ + 1) ^(1 - A)-2^F(s, s - 1; 2s - 2; -u'^) 

6 s 

- -A(l - A)-2^F(s, s; 2s; -u'^) - -X{X^ + 1)(1 - A)-2(^+i)F(s + 1, s; 2s; 
3 3 
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Similarly, 



E°° (2 — s + n)min + h)m 
^ ,,3^ \ '^" BA2m + 2-2s,2n + 2 

{ -.s '')'"\" ,2to + 2 - 2s, 2n + 2)Ix(2m + 2-2s,2n + 2) 

. (2n + l)!r(2 - 2.) g ^^^^^ + 2 - 2., 2n + 2). 



r(4-2s + 2n) (|_s + nUm! 

By Lemma 4.11, we have 

f — 1)*^ \^2m+2-2s+r 

/A(2m + 2-2s,2n + 2) = (2m + 2-2s)2n+2 XI 



„ r!(2n + 1 - r)! 2m + 2 - 2s + r 

r—O ^ ' 



Thus, 



E V^^4^^f%/A(2m + 2 - 2s, 2n + 2) 

(f-S + ^'jmm! 



m 

2n+l 



- V" (-1)'' (1 - S)m{n+ \)ni 

- H(2n+l-r)!^^ (f-s + n)^™! 



^ (2m + 2 - 2s) (2m + 3 - 2s) • • • (2m + 2n + 3 - 2s) ,^2m+2-2.+r 
2m + 2 - 2s + r 

lfn = 0, then r = 0,1. 

(1) r = 0, 

f; ^)5~'^7^^^r (2m + 3 - 2s)A^-+^-^^ = (3 - 2s)A^-2^F(l - J; | - A^)- 

(2) r = 1, 

E (|-")-(^)- (2m + 2 - 2s)A2-+3-2^ = 2(1 - s)\''-'''F{2 - s, J; ^ - s; A^). 

m=0 (^2 ~ «)mm! 2 2 

On the other hand, when n = 0, (4.28) is equal to 

^ F(l-s,^;|-s;l). 



(3-2s)(2-2s) ' '2' 2 
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Thus, 



(3-2s)(2-2s) ' '2'2 2- 2s' '2'2 

If n = 1, then r = 0,1,2,3. 
(l)r = 0, 

y (]-')rnH)rn ^ 3 _ 2^)^2m + 4 - 2s)(2m + 5 - 260A2-+2-2^ 
=8(1 - -)(^ - - s)X'-'^F{2 'S,y--s- A^) 



(2) r = 1, 



y (l^WlU + 2 - 2s) (2m + 4 - 2s) (2m + 5 - 2s)X^^+'-^' 
^0 i2-^)mml 



=8(1 - .)(2 - s){^ - s)X'-'^F{3 -s,l;l-s; A^). 



(3) r = 2, 



y ii^^HlllIi(2m + 2 - 2s) (2m + 3 - 2s) (2m + 5 - 2s)X^^+^-^' 
=8(1 -s){l- s){l - s)X'-^^F{2 -s,y--s; A^). 



(3) r = 3, 



y (1 ^U(f)rn (2,n + 2 - 2s) (2m + 3 - 2s) (2m + 4 - 2s) A^™+^-^^ 

=8(1 - s)(2 - s)(^ - s)A^-^^F(3 - s, I ^ ^ s; A^) 
- 8(1 - s)(2 - s)A^-2«F(3 -s,^-J--s; X'). 
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On the other hand, when n = 1, (4.28) is equal to 

6r(2 -2s) ^, 3 7 

-4 rFil - s, -; - - s; 1). 

r(6-2s) ^ '2' 2 ' ' 

Thus, 



r(6-2s) ^ ' 2' 2 ' ^ 2 (2-s) ^ ' ^ ' 2' 2 

3 3 ,0. 1 1 ,._o„„.„ 3 7 



Now, we need the following relation of Gauss between contiguous functions (see [Er] , 
p.103, (33)): 

{c-a-h)F + a(l - z)F{a + 1) - (c - b)F{b - 1) = 0. 

We have 

F{l-s\,\^s-, X') = {l-s){l- X')F{2 - I ^ - A^) + .F(l - ^; ^ - A^)- 

F(3-.,^;^-.;A^) = (3-.)(1-A^)F(4-.,|I-.;A^)-(2-.)F(3-.,1;^-.;A2). 
By [Er], p.l04, (46), 

^^'''^''''^^"f|^^^^f(l^' c^0'-l'-2,---, Re(c)>Re(a + 6), 



we have 



15 ^ r(f-s) 3_7 ..4 r(|-s) 



F(l - s ; - s; 1) = 2^^^—^, F(l - s, -; - - s; 1) = -■ 



2' 2 ' ^ 0rr(2-s)' ^ '2' 2 ' ^ 3 0rr(2-s)' 
Therefore, 



' ^"'^-F{l-s,l;l-s;X^) + ^Fi2-s,l-l-s-X% 



2-2sv^r(2-s) 2-2s ' ' 2' 2 ' ' 3 - 2s ' ' 2' 2 
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and 



'X 

-3 



2 - 2s V7rr(3 - s) 2-s' ' ' ' 2' 2 



1 S ,o_o„„.. 1 3 



.A2-2sF(1-s, -:--s;A^) 



2(l-s)(2-s) ' '2' 2 



2(f-s)(|-s)^ ^ ^ '2'2 

+ 2 (I F(3-.,-,--.,A). 
By [Er], p.lll, (5), 



we have 





F{a,b;2b; 


Az 
(l + z 




(1 + 


zf" 


F{a,a + 


1 

2 ~ 


-b;b + 


2'^ 








1 3 

"^'2'2 ~ 




= (1 


-A)- 


-2(1- 




s,l 


-s;2- 


- 2s; 


—u~ 




F{2 


1 5 
~^'2'2 ~ 


s;X') 


= (1 


-A)- 


-2(2- 


-^)F{2- 


s,2 


-s;4- 


- 2s; 


—u' 


-'), 


F{2 


3 3 

~^'2'2 ~ 


s;X') 


= (1 


-A)- 


-2(2- 


-'^F{2- 


s,l 


-s;2- 


- 2s; 


—u~ 




F(3 


3 5 
~^'2'2 ~ 


s;X') 


= (1 


-A)- 


-2(3- 


-'^F{3- 


s,2 


-s;4- 


- 2s; 


—u' 




F(l 


1 3 

^'2' 2 


s;X') 


= (1 


-A)- 


-2(1- 


-^)F{1 - 


s,l 


-s;2- 


- 2s; 


—u~ 




F(4 


3 7 
~^'2'2 ~ 


s;X') 


= (1 


-A)- 


-2(4- 


-«)ir(4_ 


s, 3 


— s; 6 - 


-2s; 


—u~ 




F(3 


1 7 

~ 2' 2 ~ 


s;X') 


= (1 


-A)- 


-2(3- 


-^)F(3- 


s, 3 


— s; 6 - 


- 2s; 


—u' 





Therefore, 

f\l _ ;)2n+i;i-2.^(^ _s + 2,n+^;^-s; f)dln=o 

1 r(l-s) 1 



■2-2s v^r(2-s) 2 -2s 



A2-2^(1 _ A)-2(i-^)F(1 - s, 1 - s; 2 - 2s; -u'^) 



+ 7r-^A^-2^(l - A)-2(2-«)f(2 - s, 2 - s; 4 - 2s; -w"^). 
3 — 2s 



1 Til-s) 1 



(1 + X^)X^-^'{1 - X)-'^^'^-'^F{2 - s, 1 - s; 2 - 2s; -u 



-2(2-s) 



2 - 2s 0iT(3 - s) 2-s 
1 1 



1 s 



2(l-s)(2-s) 



(3 + X^)X^-^'{1 - A)-2(=^-^)f(3 - s, 2 - s; 4 - 2s; -u'^) 
A2-2-(1 _ A)-2(^-^)F(1 - s, 1 - s; 2 - 2s; -u'^) 



- l .s , (1 - A^)A^-^^(1 - A)-^(^-)F(4 - s, 3 - s; 6 - 2s; -u'^) 

+ l .s ^'w5^ - A)-^(^-)F(3 - s, 3 - s; 6 - 2s; -«-^). 

(A— 1)^ 

Since tt = 4x , have 

^^^"'\ a-(1 - A)-^ (1 - ir-+'Fis + n, n + |; s + i; l')dL=o 
VTTi (2 - s) Jx 2 2 

X F(s - 1, s - l;2s - 2; - ' /'At^,\' a'(1 - A)-^], 

s - i V'^J- l-s j 



and 



A^(l - A)-2 - lf^+H'-^'F{n - s + 2,n+^;^-s; P)dln=o 



2r(s - 1) 

V^r(s) 

X F(l - s, 1 - s; 2 - 2s; -u~^) + -j^i^u)-^^-^^ F{2 - s, 2 - s; 4 - 2s; -u~% 



Note that 



A^(l-A)-2 
A^(l-A) 



r(l-s) (-1) 1 r(s+|)^r(s-i) i i r(§-s) 



7r(l-s)r(s)r(2-s)' '2 
=0. 



0rr(2 - s) 0r s - 1 r(s) \^T{s) 0r 1 - s r(2 - s) 

[r(i-^)r(s + l) + r(s-br(|-s)] 



2' '2 
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Now, we need the following formulas: 

7F - PzF{P + 1,7+1)- 7F(a - 1) = 0. 
(7 - 1)F(7 - 1) - aF{a + 1) - (7 - a - 1)F = 0. 

We have 

(2s - l)F{s, s-l;2s-l;z)-{s- l)zF{s, s; 2s; z) - (2s - l)F(s - 1, s - 1; 2s - 1; ^) = 0, 
and 

(2s-2)F(s-l, s-1; 2s-2; ^)-(s-l)F(s, s-1; 2s-l; ^)-(s-l)F(s-l, s-1; 2s-l; z) = 0. 
Thus, 

4s — 2 4s — 2 

-F(s, s - 1; 2s - 1; ;2) = zF(s, s; 2s; z) + -F(s - 1, s - 1; 2s - 2; z). 

s— 1 s— 1 

Hence, we have 

s- i 

^F(s, s - 1; 2s - 1; -u'^) 

s — 1 

s- i 

= - Uu)-^F(s, s; 2s; -u'^) + ^F(s - 1, s - 1; 2s - 2; -m"^). 

s — 1 

Similarly, 

^ -s 

2 -F(2-s,l -s;3-2s;-'u"^) 



3 -s 



1-s 

= - (4w)-^F(2 - s, 2 - s; 4 - 2s; -u'^) + ^ ^F(l - s, 1 - s; 2 - 2s; -u~^). 

Therefore, 

For n = 1, note that 

3!r(i-,s) i2r(i-s) 



r(3-s)r(f) 0Fr(3-s)^ 



55 

we have 

12r(i-«) ,,,, „2n+l^. , 3 1 



y{l-X)-^ [ {l-l)^-+^F{s + n,n+l;s+l;l^)dln=i 

VTTi - Sj J;^ Z Z 

0Fr(3 - .s) ,s - 1 v^r(s + 1) ^ ^ 

- rfc^ vA(4«)-^^-'^i^(s - 2, s - 2; 2s - 4; 

s(s — l)V7rr(3 — s) 

- 4 , - - 1, . - 2; 2. - 4; 

S(S — l)^/lTL [6 — S) 

- 4 , (A + |)(4«)-(^+^)F(., . - 1; 2. - 2; 

- 4^^|^(4«)-(^+^)F(., 2.; -u'^) 

V7rr(3 - s) 

« n}-s) , 1 



0Fr(3 - s) ' A 

Similarly, 



(A + -)(4«)-^^+2)f(s + 1, s; 2s; -u'^). 



SlTis - i) 8r{s - I) 



r(. + i)r(f) v^r(. + i)' 

and 



A^(l-A)-2 / {l-lf^+H^-^'Fin-s + 2,n + ]-;^-s;l'')dln=i 



v^r(s + 1) 

. 8r(.-^) .ri 1 r(f-5) ^^^^ 



0Fr(s + l) ^2(l-s) v^r(3-s) 

^(A + i)(4w)-(3-*)F(2 - s, 1 - s; 2 - 2s; -w"^) 

2 — s A 

+ ^7^^^ + f )(4«)-(^-^)F(3 - s, 2 - s; 4 - 2s; 
2(f-s) A 

(4«)-(2-^)F(1 - s, 1 - s; 2 - 2s; -w"^) 
(1 - A2)(4w)-(^-^)F(4 - s, 3 - s; 6 - 2s; -u"^) 



2(l-s)(2-s) 
1 (3 - s) 



2(f-«)(f-^) 



+ ^ ,3 ^\,5^ . A(4zx)-(^-)F(3 - s, 3 - s; 6 - 2s; 



56 



LEI YANG 



Note that 



-4r(i-.) 1 r(. + i) , -4r(.-i) i r(f-. 



+ 



ViT(3 - s) s - 1 ^/^T^{s + 1) ^/7^^{s + 1) s - 1 ^/nr{3 - s 



A^(l-A)- 



-4A^(1- A)- 



7r(s-l)r(s + l)r(3-s) 
=0. 



_ n (-i)»(i)n _ 



For /c = 1, if n = 0, 22n(n!)2 
n = and n = 1, we have 



= 1. If n = 1 



_ 1 (-l)»(l)r. _ 1 



22"(n!)2 



= — T- Let us add the terms of 



v^r(2 - s) 



where 



--S (--s)(--s) 
Si =1 F{s, s-l;2s-l; -u'^) + ^ UuXF{s - 2, s - 2; 2s - 4; -u'^) 



+ 



+ 



s{s-l){2-s) 
2 "^^va '^^(i_a2)F(s-1,s-2;2s-4;-w-1) 



1-s 



s(s- l)(2-s) 



3. 1 



and 



S 



II 



s-1 



AuF{2 - s, 1 - s; 3 - 2s; -w"^) 



+ 



s(2-s)' A 



(A + -)F(2 - s, 1 - s; 2 - 2s; -u'') 



sii-sy A 



(A + -){4:u)-^F{3 - s, 2 - s; 4 - 2s; -u'^) 



+ 



1 



(l-s)(2-s) 



4uF(l - s, 1 - s; 2 - 2s; -u'^) 



+ r(l - A2)(4w)-2f(4 - s, 3 - s; 6 - 2s; -u'^) 



s(|-s)(f-s) 



—--^ -A(4m)-^F(3 - s, 3 - s; 6 - 2s; -u''^). 



s(f-s)(f-s) 



f A— 1)^ 

Since u = ^ , we have 



A = 



Hence, 

1 3 

A + -=4tt + 2, A + - = 4(2tt + 1 + + Iv^), 
A A 

l-A^ = A(i-A) 4v/^v^ 



'A ' (^/^7qri + 0^)^ 



Thus, we have 

1 



Si =- s - 1; 2s - 1; -u"^) 



+ '^^l '\ ^ F{s - 2, s - 2; 2s - 4; 



s(s-l)(2-s) (0^^1+1)2 
+ + S + « - 1; 2« - 2; -«-') 

Sn =^—4uF(2 - s, 1 - s; 3 - 2s; -u~^) 
s — 1 

+ A {2u + 1)F{2 - s, 1 - s; 2 - 2s; -u'^) 

s[2 — s) 



1 1 LI 



-(2 + - + Wl + -)F(3 - s, 2 - s; 4 - 2s; -u'^) 
s(| - s) M V w 

+ n - s, 1 - s; 2 - 2s; -u'^) 

(1 -s)(2-s) 



+ ,3^^;i ^ ^^A^ A^(4 - ^, 3 - .; 6 - 2s; 
(2 - s) 1 1 



3 „^.5 „^ / r,.4^2^(3-«.3-s;6-2s;- 
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Set z = —u ^ and x = Vl ~ -2, then 

u 1 



u+1 ' u + 1 x'^{x'^ — 1) 



Si =- f F(s, s - 1; 2s - 1; 1 - x'^) 

s — 1 

+ ^7 4^ T7 ^Fis - 2, s - 2; 2s - 4; 1 - x^) 

s{s - 1){2 - s) (x + 1)^ V ' ' ' / 

(|-s)(i-s) Ax , 

+ ^7 T7 ^F{^ - 1, s - 2; 2s - 4; 1 - x^) 

s(s-l)(2-s) (a;+l)2 ^ ' ' ' ^ 

+ '-{x? + X + s - 1; 2s - 2; 1 - x^) 

s(2 — s) 

+ - 2s; 1 - a;2) + ^^(^^ - + 1, s; 2s; 1 - x\ 

Sii = \ 2 1 ^(2 - s, 1 - s; 3 - 2s; 1 - x") 
s — 1 x^ — 1 

+ ro^ ."^^f +,^^ F(2-s,l-s;2-2s;l-x^) 
s(2 — s) x^ — 1 



- — -(x^ + x + 1)F(3 - s, 2 - s; 4 - 2s; 1 - x^) 

+ n r^^F(l-s,l-s;2-2s;l-x2) 

(1 — s)(2 — s) x^ — 1 



^(i-^)(l-«)4^ 



+ ,3 ,,5 T72;(a; - l)^F(4 - s, 3 - s; 6 - 2s; 1 - x^) 

(x - 1)2^(3 - s, 3 - s; 6 - 2s; 1 - x^). 



s(|-s)(f-s)4 
At first, we calculate Sj. It is known that (see [Er], p. 103, (29)) 

(c - b)F{b -l) + {2b-c-bz + az)F + b{z - l)F{b + 1) = 0. 

Set a = b = s, c = 2s and 2; = 1 — x^, then 

F(s, s + 1; 2s; 1 - x^) = 4tF(s, s - 1; 2s; 1 - x^), 

x^ 

i.e., 

F(s + 1, s; 2s; 1 - x^) = \f{s, s - 1; 2s; 1 - x^). 

x^ 
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Set a = s — l,b = s — 1, c= 2s — 2 and z = 1 — ^ then 

F{s - 1, s; 2s - 2; 1 - x'^) = ^F(s - 1, s - 2; 2s - 2; 1 - a;^), 



F(s, s - 1; 2s - 2; 1 - x^) = ^F(s - 1, s - 2; 2s - 2; 1 - a;^). 



I.e., 

P^c c _ 1 • 9c _ 9- 1 _ ^ _ 

In the formula (see [Er], p. 103, (34)) 

c[a - (c - b)z]F - ac{l - z)F{a + 1) + (c - a)(c - h)zF{c + 1) = 0, 
set a = s — 2, 6 = s — 2, c = 2s — 4 and z = 1 — x"^, then 
F(s - 2, s - 2; 2s - 4; 1 - a;^) 
=F(s - 1, s - 2; 2s - 4; 1 - a;2) + ———F(s - 2, s - 2; 2s - 3; 1 - x^). 

Now, we have 

s- i 

5/ = ^F(s, s - 1; 2s - 1; 1 - x^) 

s — 1 

+ ^, i^(^-l,^-2;2s-4;l-x^) 
s(s — 1)(2 — s) x + 1 

.s(,s- l)(2-s)x2(a; + l) ^ ' ' ' ^ 

+ -!-i(x=-l)F(s,s;2s;l-x") 
z — s 4 

+ 7^]^^^F{s,s-l;2s;l-x'). 
2 — s 4 a;^ 

It is known that 

7F - pzF{p + 1,7+1)- 7F(a - 1) = 0. 

Set a = s, P — s — l,^ = 2s — 1 and 2 = 1 — a;^, then 

1 2s — 1 

F(s,s; 2s; l-a;^) = ^ -[F(s, s- 1; 2s-l; 1 -a;^) -F(s- 1, s-1; 2s- 1; 1 -a;^)]. 

1 — a;^ s — 1 
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Set q; = s — 1, /? = s — 1, 7 = 2s — 1 and z = 1 — x^, then 

F(s, s - 1; 2s; 1 - x^) = F{s - 1, s; 2s; 1 - x'^) 
1 2s- 1 



1 — x'^ s — 1 
Thus, we have 



[F(s - 1, s - 1; 2s - 1; 1 - a;^) - F{s - 2, s - 1; 2s - 1; 1 - x^)]. 



(|-s)(i-s) 4 , 
s(s — 1)(2 — s) a; + 1 

(i — s) + X + 1 , 

+ s(2-s) x^ F(s-l,s-2;2s-2;l-.^) 
+ (2-t)V-l) ^^^^"^'^"^^^^"^^^""'^ 



F(s- l,s-2;2s- 1;1 -a;^). 



(2-s)(s-l) 2a;2 
It is known that (see [Er], p.l03, (37)) 

(6 - a)(l - z)F - (c - a)F{a - 1) + (c - 6)F(6 - 1) = 0. 
Set a = s, 6 = s — 1, c=2s — 1 and z = 1 — x^, then 



F(s,s-l;2s-l;l-a;2) = ^— ^F(s-1, s-1; 2s-l; l-a;^) + 47F(s, s-2; 2s-l; 1-: 

X'' X'' 



By [Er],p.l03, (30), 

c(c -l){z- l)F{c - 1) + c[c - 1 - (2c - a - 6 - 1)^]^ + (c - a)(c - 6)2F(c + 1) = 

set a = s — 1, 6 = s — 2, c = 2s — 3 and z = 1 — x"^, then 

F(s- l,s-2;2s-4;l -a;^) 

-F(s - 1, s - 2; 2s - 3; 1 - x^) + ~ \\ ^ F{s - 1, s - 2; 2s - 2; 1 - x^). 

4(s - f) a;^ 
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Hence, 



(h - s) X + 2 , 9, 

+ T^F{s - 1, s - 2; 2s - 2; 1 - a;^ 

s(2 — s) X 

(- - 1 

^2 ^ r^(s-l,s-l;2s-l;l-a;2) 



(2-s)(s-l) 2a;2 
It is known that (see [Er], p.l03, (35)) 



s — 1 x'^ 

(1 - s) x^ + 1 _i^s-2;2s-l;l-x^). 



{c-a-l)F + aF{a + 1) - (c - l)F(c - 1) = 0. 



Set a = s — 2, b = s — 1, c= 2s — 1 and z = 1 — x^, then 



F(s-l,s-l;2s-l;l-x2) 
2(5-1) 



2 F(s-2,s-l;2s-2;l-a;^)- - — -F{s - 2, s - l;2s - 1;1 - x^). 



Set a = s — 2, fe = s — 2, c=2s — 2 and z = 1 — x'^, then 



F(s-2,s-2;2s-3;l-x2) 
(s-l) 



-— ^Fis - 2, s - 2; 2s - 2; 1 - a;^) + ^- — %-Fis - 1, s - 2; 2s - 2; 1 - a;^). 

2(s-|) 2(s-|) 



Set a = s — 1, 6 = s — 2, c = 2s — 1 and z = \ — x^, then 



F(s, s - 2; 2s - 1; 1 - a;^) = 2F(s - 1, s - 2; 2s - 2; 1 - x^) - F{s - 1, s - 2; 2s - 1; 1 - x^). 
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Hence, 
Si 



sa-s) 1 a-s) x^ + i 



+ 



{s-l){s-2)x^ (s-l)(s-2) 2x2 



l,s-2;2s- 1;1 -x^) 



+ 



a-s) 1 , a-s 



+ 



[X 



1) i^-s)x + 2 



(s-l)(s-2)x2 s(s-l)a;2(a; + l) s{s - 2) x 
X l,s-2;2s-2;l -x^) 



+ 



+ 



s(s-l)(2-s)x + l 



F(s-l,s-2;2s-3;l-a;^) 



F(s-2,s-2;2s-2;l -a;^). 



s(s - 2) x2(x + !)■ 
We know that (see [Er], p. 103, (35)) 

{c-a-l)F + aF{a + 1) - (c - l)F(c - 1) = 0. 
Set a = s — 2, b = s — 2, c= 2s — 1 and z = 1 — x^, then 
F(s-2,s-2;2s-2;l-a;2) 



2is - 1) 



F(s - 2, s - 2; 2s - 1; 1 - x^) + 



s-2 
2(s - 1) 



F(s-l,s-2;2s-l;l-a;^). 



For F(s-l,s-2;2s-3; l-a;2) = F(s - 2, s - 1; 2s - 3; 1 -x^), set a = s - 2, 6 = s - 1, 
c = 2s — 2 and z = 1 — a:^, then 



F(s-l,s-2;2s-3;l-x2) 
s- 1 



2(s-| 
Therefore, we have 

-s(i-s) 1 



F(s - 1, s - 2; 2s - 2; 1 - a;^) + 



s-2 



-F(s-l,s-l;2s-2;l-a;2). 



5/ = 



+ 



X 



+ 1 , (i-s) (x-1) 



+ 



(s-l)(s-2)x2 (s-l)(s-2) 2a;2 s(s - 1) 2a;2 (a; + 1) 
xF(s-l,s-2;2s-l;l-a;^) 



+ 



1 , (i-s) (a:-l) (i-s)(a; + 2) (^-s) 2 



+ 



+ 



(s - l)(s - 2) a;2 s(s - 1) x2(a; + 1) s(s - 2) x s(s-2)a;+l 
X F(s - 1, s - 2; 2s - 2; 1 - a;^) 
(l-s) 2 



+ 



+ 



s(s - 1) a; + 1 

(i-s) (x-1) 



(s-l)(s-2) 2a;2(a;+l) 



F(s-l,s-l;2s-2;l-a;2) 

F(s-2,s-2;2s- 1;1 -a;2). 
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Since (see [Er], p. 103, (38)) 

c(l - z)F - cF{a - 1) + (c - b)zF{c + 1) = 0. 
Set a = s — l,b = s — l,c=2s — 2 and z = 1 — x^, then 
F(s-l,s-l;2s-2;l-x2) 



1 - I 

--^F{s - 1, s - 2; 2s - 2; 1 - x^) + F{s - 1, s - 1; 2s - 1; 1 - x^) 



X' 



Thus, 



Si 



2x^ 



-s(i - s) 1 ^ i^-s) jx^ + l) ^ (I - s) (x - 1) 



(s-l)(s-2)a:2 [s-l){s-2) 2x'^ s(s - 1) 2a;2(a; + 1) 
X F(s- l,s-2;2s- 1;1 -x^) 
\-s) -(a; - i)(a;2 + 2a; + 2) 



+ 



+ 



+ 



s(s-2) x2(x + l) 

(i-s) (x-1) 



-F(s-l,s-2;2s-2;l-a;^) 



s(s — 1) 

(l-s) (x-l) 



F(s-l,s-l;2s-l;l-a;^) 

F(s-2,s-2;2s-l;l-a;^). 



(s-l)(s-2) 2x2(x + l) 
It is known that (see [Er], p. 103, (35)) 

(c - a - 1)F + aF{a + 1) - (c - l)F(c - 1) = 0. 
Set a = s — 2, 6 = s — 1, c = 2s — 1 and z = 1 — a;^, then 
F(s-l,s-2;2s-2;l-a;2) 

(s-2) 



2(s - 1) 
Hence, 



St 



F{s - 1, s - 2; 2s - 1; 1 - a;^) + -^-F(s - 1, s - 1; 2s - 1; 1 - a;^). 

2(s — 1) 



(s-l)(s-2)a;2 (^s-l){s-2) 2x^ s(s - 1) 2a;2(a; + 1) 
(|-s) -(x-l)ix^ + 2x + 2).^. ^ ^ 



(4.30) 



+ 



+ 



+ 



(s-l)(s-2) 2a;2(a; + l) 

(i-s) -(x-l) 



-]F{s - 1, s - 2;2s - 1;1 - x^) 



s(s - 1) 2(a;+ 1) 



F(s-l,s-l;2s-l;l-a;^) 



[x-l) 



(s - l)(s -2) 2a;2(a;+ 1) 



F(s-2,s-2;2s-l;l-x2). 
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In the following formula (see [Er], p. 103, (36)) 

{c-a-b)F - {c- a)F{a - 1) + h{l - z)F{h + 1) = 0, 

set a = s — 1, 6 = s — 2, c = 2s — 1 and z = 1 — x^, then 

2F(s-l,s-2;2s-l;l-x^) 
= -{s- 2)x^F{s - 1, s - 1, 2s - 1; 1 - x^) + sF{s - 2, s - 2; 2s - 1; 1 - x^). 

Now, the sum of the latter two terms in (4.30) is equal to 

.(.i\)(:-2)2i;:+V -'^ - ^^^^^^^ - ^ - 1; 2. - 1; i - ^ 

+ sF{s - 2, s - 2; 2s - 1; 1 - x^)] 
(i-s) (x-1) 



s(s-l)(s-2) x'^{x + l) 



F(s-l,s-2;2s-l;l-a;^). 



Thus, 



-5/ = 



-s(i-s) 1 



(s-l)(s-2)a;2 [s - l){s - 2) 2x'^ s(s - 1) 2x2(x + 1) 
+ 



{\-s) {x-1) ^ {\-s) -{x-l){x^ + 2x + 2)^ 



Note that 



s(s -l)(s- 2) x2(x + l) (s-l)(s-2) 2x'^{x + l) 

xF(s-l,s-2;2s-l;l-a;2). 

+ 1 (x - 1) (x^ + 2x + 2) X + 3 



2x2 



2x2(x + 1) 



and 



|-s) {x-1) ^ {\-s) {x-1) 



2x2(x + 1)' 

{\-s) {x-1) 



s(s - 1) 2x2 (a; + 1) s(s - l)(s - 2) a;2(a; + 1) (s - l)(s - 2) 2a;2(a; + 1) ' 
We have 



-s(i-s) 1 



^ {\-s) (x + 3) ^ (i-s) (x-1) 



(s-l)(s-2)x2 (s-l)(s-2)2x2(x + l) (s-l)(s-2)2x2(x+l)_ 
X F(s- l,s-2;2s- 1;1 -x^) 



-s 1 



2 — s x^ 



F(s- l,s-2;2s- 1;1 -x^) 



^ * -F(s- l,s-2;2s- l;-«"^). 



2 - s tt+ 1" 
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Therefore, we have 



Now, we compute Sn. It is known that (see [Er], p. 103, (28)) 

(c - a)F{a -l) + {2a-c-az + bz)F + a{z - l)F{a + 1) = 0. 
Set a = 3 — s,b = 3 — s, c = 6 — 2s and z = 1 — x^, then 

F(4 - s, 3 - s; 6 - 2s; 1 - x'^) = 4tF(2 - s, 3 - s; 6 - 2s; 1 - a;^). 

By [Er], p.l03, (39), 

[a - 1 - (c - 6 - 1)^]F + (c - a)F(a - 1) - (c - 1)(1 - z)F(c - 1) = 0, 
set a = 3 — s, 6 = 3 — s, c = 6 — 2s and z — 1 — x^, then 
F(3-s,3-s;6-2s;l-a;^) 
-^^^ ~ F{3 - s,3 - s;5 - 2s;l - x^) - ^-—^^F{2 - s, 3 - s; 6 - 2s; 1 - x^). 



2-s ' ' ' ' ' 2-sa;2 

Thus, 

Sii = \ 1 ^(2 - s, 1 - s; 3 - 2s; 1 - x^) 
s — 1 — 1 



+ T2 1 -^(2 - s, 1 - s; 2 - 2s; 1 - x^) 



1 4(^2 + 1) 

- — -(x^ + a; + 1)F(3 - s, 2 - s; 4 - 2s; 1 - x^) 

+ n ^ r^^F(l-s,l-s;2-2s;l-x2) 

(1 — s)(2 — s) — 1 

(3-s) (a;- l)2(a;+ 1) 2n 
+ s(i:s)(i-s) ^ ^(3-^,2-s;6-2s;l-.-) 



-(x - iyF{3 - s, 3 - s; 5 - 2s; 1 - x^). 

We know that (see [Er], p.l03, (30)) 
c(c -l){z- l)F{c - 1) + c[c - 1 - (2c - a - 6 - l)z]F + (c - a)(c - 6)^F(c + 1) = 0. 
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Set a = 3 — s,b = 2 — s, c=5 — 2s and z = 1 — x^, then 

-4(^-s) x"^ 

F(3 - s, 2 - s; 6 - 2s; 1 - x^) -F(3 - s, 2 - s; 4 - 2s; 1 - x'^) 

3 — s x"^ — 1 



+ — 7^:::2 — T^i^ - s, 2 - s; 5 - 2s; l - x^) 



4(f-s) X 
3 — s x'^ — 1 
It is known that (see [Er], p. 103, (35)) 

{c-a-l)F + aF{a + 1) - (c - l)F(c - 1) = 0. 

Set a = 2 — s, 6 = 3 — s, c=5 — 2s and z = 1 — x^, then 

F(3-s,3-s;5-2s;l-a;2) = 2F(3-s, 2-s; 4-2s; l-x^) -F(3-s, 2-s; 5-2s; 1 
Hence, 



Sii =- — 7^(2 - s, 1 - s; 3 - 2s; 1 - x^) 



1 4 

s — 1 x"^ — 1 

- — -(2x^ + 1)F(3 - s, 2 - s; 4 - 2s; 1 - x"^) 
s(i -s) 

+ n T ^^^(1 - s, 1 - s; 2 - 2s; 1 - x^) 

(1 — s)(2 — s) — 1 

+ ,3^ , ^(x^ - 1)F(3 - s, 2 - s; 5 - 2s; 1 - x^). 
s(f -s) 2 



By [Er],p.l03, (39) 

[a-l-{c-b-l)z]F + {c- a)F{a - 1) - (c - 1)(1 - z)F{c - 1) = 0, 
set a = 3 — s, 6 = 2 — s, c = 5 — 2s and z = 1 — x'^, then 

F(3-s, 2-s; 5-2s; 1-x^) = — ^F(2-s, 2-s; 5-2s; l-a;2)+2F(3-s, 2-s; 4-2s; 1- 



We have 



Sii =z — T— 7^(2 - s, 1 - s; 3 - 2s; 1 - x^) 



1 4 
s — 1 — 1 

1 4(X^ + 1) . 9x 

s{2 — s) x-^ — 1 

- — -(x^ + 2)F(3 - s, 2 - s; 4 - 2s; 1 - x^) 

+ n Ito ^ ^^^(1 - s, 1 - s; 2 - 2s; 1 - a;^ 

(1 — s)(2 — s) x^ — 1 

- .3^ _/'j,V (2-s,2-s;5-2s;l-x^). 



s 



(f-s) 2x^ 



It is known that (see [Er], p.l03, (28)) 

(c - a)F(a -l) + (2a-c-az + hz)F + a{z - l)F{a + 1) = 0. 



Set a = 2 — s,b = 2 — s, c = 4 — 2s and z = 1 — x'^, then 



F(3 - s, 2 - s; 4 - 2s; 1 - x^) = -^F(2 - s, 1 - s; 4 - 2s; 1 - x^) 

x"^ 

By 

7F - /3zF{P + 1,7 + 1)- 7F(a - 1) = 0, 
set q; = 2 — s, /? = 1 — s, 7 = 4 — 2s and z = 1 — x'^, then 

F(2-s,2-s;5-2s;l-a;^) 
_2(2-s) 1 



1 — s x^ — 1 



So, 



Sn 



1 



+ 
+ 
+ 



[F{1 - s, 1 - s; 4 - 2s; 1 - x^) - F(2 - s, 1 - s; 4 - 2s; 1 - X 



F(2-s,l-s;3-2s;l-x2) 

F(2-s, l-s;2-2s;l-x2) 

F(2-s,l-s;4-2s;l-a;^) 



s — 1 — 1 

1 4(^2 + 1) 



s(2-s) x'^-1 
1 1 



(l-s)(2-s) x2-l 
(2 - s) 1 



F(l-s,l-s;2-2s;l-a;^) 



s(l - s)(| - s) 
We know that (see [Er], p.103, (38)) 



F(l-s,l-s;4-2s;l-a;^). 



c(l - z)F - cF{a - 1) + (c - b)zF{c + 1) = 0. 



Set a = 2 — s, 6=1 — s, c=2 — 2s and z = 1 — x^, then 



F(2 - s, 1 - s; 2 - 2s; 1 - a;2) 
1 



- 1 



x^ 



F(l - s, 1 - s; 2 - 2s; 1 - x^) + 7^F{2 - s, 1 - s; 3 - 2s; 1 - x^) 
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Thus, 
Sii-- 



1 



4^1 2{x^ + l) 



+ 
+ 



s — 1 x"^ — 1 s{2 — s) 
1 



4 ^ 1 4(a;2 + l) 



(l-s)(2-s)a;2 -1 s{2 - s) x'^ix^ - \) 
1 1 1 



F(2-s,l-s;3-2s;l-x2) 

F(l-s,l-s;2-2s;l- 



(2 - 1 



F(2-s,l-s;4-2s;l-a;^) 



It is known that 



F(l-s,l-s;4-2s;l-a;^). 



7F - ^zF{p + 1,7 + 1)- 7F(a - 1) = 0. 
Set q; = 1 — s, /? = — s, 7 = 3 — 2s and z = \ — a;^, then 

F(l-s,l-s;4-2s;l-a;2) 
2('--sl 1 

= ^ -[F(l - s, -s; 3 - 2s; 1 - a;^) - F(-s, -s; 3 - 2s; 1 - a;^)]. 

Set Q! = 2 — s, /? = — s, 7 = 3 — 2s and z = \ — x^, then 



F(2-s,l -s;4-2s;l-a;2) 
3 



2(1 -s) 1 



s a; 



2 ^[F(2 - s, -s; 3 - 2s; 1 - x^) - F(l - s, -s; 3 - 2s; 1 - a;^)]. 



Therefore, 



Su = 



1 



4 ^ 1 2(a;2 + l) 



+ 
+ 
+ 
+ 



s — 1 a;^ — 1 s(2 — s) x'^ 
1 



F(2-s,l-s;3-2s;l-a;^) 



4^1 4(a:^ + l) 



(l-s)(2-s)a;2-l s(2 - s) a:2(x2 - 1) 
1 2 12" 



F(l-s,l-s;2-2s;l- 



s(l — s) x^{x^ — 1) s^ a;^ — 1 
(2 - s) 2 



F(2-s, -s;3-2s;l-a;^) 



s2(l-s) a;2(a;2-l) 
1 4 



F(-s, -s;3-2s;l-a;2) 
1 2 



+ 



s^(l — s) a;^(a;^ — 1) s^ a;^ — 1 



F(l-s, -s;3-2s;l-a;^). 



It is known that (see [Er], p.l03, (28)) 

(c - a)F{a -l) + {2a-c-az + bz)F + a{z - l)F{a + 1) = 0. 
Set a=l — s,b=l — s, c=3 — 2s and z = 1 — x^, then 
F(2-s,l-s;3-2s;l-a;2) 

^ ~ ^ ^ F{l-s,-s;3- 2s; 1 - x'^) \f{1 - s, 1 - s; 3 - 2s; 1 - x^). 



1 — s 1 — s x"^ 

Set a = 1 — s, b = —s, c = 3 — 2s and z = 1 — x^, then 
F(2-s,-s;3-2s;l-a;^) 

^ ~ * F(-s, -s; 3 - 2s; 1 - x^) + -^^^^F(l - s, -s; 3 - 2s; 1 - x^). 



1 — s a;^ ' ' ' 1 — s x'^ 

Note that 



(l-s)(2-s)a;2-l s{2 - s) x^{x^ - 1) 

14 14 

+ 



s(l -s)(2-s)a;2 - 1 s(2 - s) a;2(a;2 - 1) ' 
and 

1 1^12 1 2{x- - 2) -1 



s2(l — s) a;2(a;2 — 1) s^ a;^ — 1 s'^{l — s) a;2(a;2 — 1) s(l — s) a;^ — 1 
We have 

c. _r 1 2 (2-s) 4 1 2(^2 + 1) 

^ s(l-s)a;2-l (l-s)2x2(x2-l) ^ s(l-s) 

+ s(l-s)2.t^^4 ^^^^"^'"^^'"'^^^""'^ 
14 1 2(a;2 -|- 1) 

+ ^(l-sfx^ix^-l) ~ s(l-s)(2-s) ^^^^ - s, 1 - s; 3 - 2s; 1 - 

+ ^s(2-s) a;2(a;2-l) + s(l-s)(2-s) ^2 _ " ^' ^ " 2 - 2s; 1 - 

(2-s) 2 , 9, 

s(l — s)^ a;*(a;'^ — 1) 

It is known that (see [Er], p.l03, (38)) 

c(l - z)F - cF{a - 1) + (c - b)zF{c + 1) = 0. 
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Set a=l — s, 6=1 — s, c = 2 — 2s and z = 1 — x^, then 

F(l-s,l-s;2-2s;l-a;2) 

= ^F(-s, 1 - s; 2 - 2s; 1 - a;2) + ^ ~^ F(1 - s, 1 - s; 3 - 2s; 1 - x^). 
x'^ 2x^ 

Note that 

1 4 1 2(a;2 + l) 1 2 1 



(l-s)2a;2(a;2-l) s(l-s)(2-s) a;^ s(2 - s) a;^ s(l - s)(2 - s) a;^ 

14 12 



(l-s)2a;2(a;2-l) (1 - s)(2 - s) a;^ " 
Thus, 

1 2 (2-s) 4 1 2(x^ + l) 

^ s(l-s)a;2-l (l-s)2a;2(a;2-l) s(l-s) x^ 

+ [ (1 - .2( j - 1) - (1 - (2 - .) l^^^^ - 1 - 3 - 2.; 1 - a:^) 
+ fs(2-s) a;4(a;2-l) + s(l-s)(2-s) a;2(a;2 - 1)^^^"^' 1 - 2 - 2s; 1 - 
+ n~l2 4r 2 3 - 2s; 1 - 

s(i — sy x^\x^ — 1) 

We know that (see [Er], p. 103, (35)) 

(c - a - 1)F + aF{a + 1) - (c - l)F(c - 1) = 0. 
Set a = — s, 6=1 — s, c=3 — 2s and 2; = 1 — a;^, then 
F(-s,l-s;2-2s;l-a;2) 
^ ~ * F(-s, 1 - s; 3 - 2s; 1 - a;^) - — ^ — -F(l - s, 1 - s; 3 - 2s; 1 - x^). 



2(l-s) ' ' ' ' ' 2(l-s) 

Note that 

1 



(1 -s)2a;2(a;2 - 1) (1 - s)(2 - s) a;^ (1 - s)(2 - s) a;4(a;2 - 1) 
1 2 12 



(1 - s)2(2 - s) a;2(a;2 - 1) (1 - s)2 a;2(a;2 - 1) ' 



Therefore, 
Sn-- 



{2-s) 



+ 



1 2{x^ + l) 



s(l — s) — 1 [1 — s)'^ x"^ {x'^ — 1) s{l — s) x^ 



1 2(a;2-2) 1 
+ -71 rr + 



+ 



1 



S(l - S)2 x4(x2 - 1) S(l-S)x4(x2-1) s( 1 - s)2 ^2 (^2 - 1) 

X F(l-s,-s;3-2s;l-x2) 
1 2 



+ 
+ 



(l-s)2a;2(a;2-l) 
(2-g) 2 
s(l - s)2 a;4(a;2 - 1) 



F(l-s,l-s;3-2s;l-a;2) 
F(-s, -s;3-2s;l-a;^) 



Note that 



1 



2 1 
+ 



and 



s(l-s)a;2-l s(l - s) x4(a;2 - 1) s(l - s) 
1 2(^2 - 2) ^ 1 2 



s(l - s)2 a;4(a;2 - 1) s{l - s)^ x"^ {x^ - I) 



-1 



+ 



1 



s(l - s)2 a;4(a;2 - 1) s{l - x'^{x'^ - 1)' 



We have 



(2-.) 



1 



1 



(1-5)2x2(2:2-1) s(l-s)2a;4(a;2-l) s(l - s)2 a;2(a;2 _ i) 
xF(l-s,-s;3-2s;l-a;^) 
1 2 



+ 



-F(l-s,l-s;3-2s;l-a;^) 



(l-s)2a;2(a;2-l)- 

2-s 2 , 2n 

+ N2 TT^(^~*' 3 - 2s; 1 - a; ). 

s(l — s)^ x^yx"^ — 1) 

In the formula (see [Er], p. 103, (36)) 

{c-a-h)F-{c- a)F{a - 1) + 6(1 - z)F{h + 1) = 0, 

set a = 1 — s, 6 = — s, c = 3 — 2s and z = 1 — x"^, then 

F(l - s, 1 - s; 3 - 2s; 1 - x"^) + ^^^F(-s, -s; 3 - 2s; 1 - x'^) 



s x^ 



1 2 



s 



F(l-s, -s;3-2s;l-a;^). 
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Now, we have 



^ ^ -F(l-s,l-s;3-2s;l-a;2) 



(l-s)2a;2(a;2-l)- 



+ n % 4/ 2 3 - 2s; 1 - a;') 

s(l — s)^ — 1) 

12 12, 5, 
— 2F(l-s,-s;3-2s;l-a;^) 



(1 — s)2 a;2(a;2 — 1) s a;^ 

-F(l-s, -s;3-2s;l-x^) 



1 4 . _ . 2, 



s(l-s)2a;4(a;2-l)- 



Hence, 



Q r (2--^) 4 1 4 1 



(l-s)2a;2(x2-l) s(l-s)2a;4(a;2-l) s(l - s)2 a;2(a;2 - 1) 
+ ^T^^^^^-rT]^(l - 3 - 2s; 1 - x^) 

s(l - s)2 x4(x2 - 1)^ 

- 2, 2 - ^' 3 - 2s; 1 - a;2) 

s x'^{x^ — 1) 

4 «2 



S M + 1 

Therefore, we have 



F(l-s,-s;3-2s;-'u-^). 



^^^rvf^i^uy-'Sn = j^.. 4--V-^(^ + 1)-'F{1 - s, -s- 3 - 2s; -u-'). 

^/'7TL{s) V7i^i(s+1) 

Consequently, 

Z'; k, s) = K{Z, Z'; k, s) + K{Z, Z'; k,2- s), 

where k — ±1. 

Corollary 4.12. The functional equation of Eisenstein series of weight k for 
trivial group on ©2-' If Re{s) > 1, then the following identity holds: 



(4.31) 



for k = 0, ±1, where W e d&2- 



I Pk{z, w; s)p{w, w'y+^-^p{w, w'y-''-^dm{w) 

Jd&o 

4'-^Pk{Z,W';2-s), 
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Proof. The integral on the left-hand side is absolutely convergent. We set 



P-k{Z',W;2-s) = 



p{Z',W) 



P{Z') 



l\2-s 



|p(Z',W^)|2(2-s) 



in Theorem 4.10. Next, we multiply both sides of the formula by p{Z'y ^ and take the 
limit as Z' — > W' e 962- This completes the proof. 

□ 

We define the S-matrix of weight k as follows: 



(4.32) S{W,W';k,s) J] j(7, W^)'^"'j(7, W^)"''">(7 W, ^^')"'"V(7 W, W^') 

7er 



k—s 



for W,W' e rt{T) and Re(s) > 5{T). 

Theorem 4.13. Assume that T is convex cocompact and S{T) < 1. Then the follow- 
ing functional equation for Eisenstein series of weight k holds: 



[ E{Z,W;k,s)S{W,W';-k,2- s)dm{W) 
Jr\n(r) 

(4.33) 

TT 2 I I C - I 

-4'-^E{Z, W';k,2-s), 



{\k\+s-l)T{s) 

for 1 < Re{s) < 2 - 5{T) and k = 0,±l. 
Proof By Corollary 4.12, 

/ E{z, w; k, s)p{w, w'y+''-^p{W, wy-''-'^dm{w) 

Jde-2 

(4.34) 

A'-^E{Z,W';k,2- s). 



7r^r(^-i) 



(|A;| + s-l)r(s) 
On the other hand. 



f{W)dW = [ V f{^{W))dm{^{W)) 
d&2 Jr\Q{r) p 



J2 \JiliW))\fi^iW))dmiW). 
r\n(r) 
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By Lemma 4.9, (3), the left hand side of (4.34) is equal to 

\JiliW))\E{Z, 7 k, s)p{^{W),W'y+''-^p{l(W), Wy-^-^dmiW) 

r\n(r) 

= / E \3{l,W)\-^j{^,Wr-''mWy+''E{Z,W;k,s) 
7r\n(r) 

= [ E{Z,W;k,s)S{W,W';-k,2- s)dm{W). 

□ 

By Theorem 4.10, we get the main theorem of this paper. 

Theorem 4.14. Assume that T is convex cocompact and S{r) < 1. Then the follow- 
ing product formula holds: 

[ E{Z,W;k,s)E{Z',W;-k,2- s)dm{W) 

(^•^^^ =G{Z, Z'; k, s) + G{Z, Z'; k,2-s) 

=G{Z', Z; -k, s) + G{Z', Z; -k, 2-s), 

for 6{T) < Re{s) < 2 - S{T) and k = or k = ±1. 

Appendix. Product formulas on S'L(2,R) 

In this appendix, by the same method as in the above argument we give the product 
formulas on 5'L(2,M). For simplicity, we omit some details. 
Let 

Set Hk{z,w) = {z-wy{z-w)-'' and P(z, C) = where ^, e H and C e = R. 

The Poisson kernel of weight k is defined as follows: 

Pkiz,C;s) = iz-C)Hz-0-'Piz,cy- 

E{z,C;k,s):=J2Pk{l{z),C;k,s), for Re{s) > 6{T). 
-yer 

Here F is a discrete subgroup of S'L(2,M). The point-pair invariant 

I ' 1 2 I— / 1 2 

u[z,z) . , ^. , a[z,z): 



4Im(z)Im(z') ' ' 4Im(z)Im(z') ' 
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In fact, u = a — 1. 

If / = Hk{z, w)^{a{z, w)), then 



Afc/ = Hk{z,w) 



By Akf = s{s - 1)/, we have 



a{a - 1)^"{(t) + (2cr - l)^'{a) + —^a) 



a{a - l)$"(a) + {2a - 1)$'(cj) + 



= 0. 



A solution is 



1 oo 
=P<( -|fc| s ■,a 
\k\ 1-s 



Set 



where u = u{z, z'). The automorphic Green function of weight k is given by 

G{z,z'-k,s) ^J^^i^^'yi^')'^^^^)^ Re(s)>5(r). 
7er 



Let 



cf>{z,z';k,s)= I Pk{z,C,s)P-k{z',CA-s)dC. 
Jr 



Then (/> is a point-pair invariant covariant with respect to the weight k. 
Put z = iy, z' = iy', y > 0, y' > 0. Then 



(f){iy,iy';k,s) 

-v-/:(^)'(§^)"ic-.,-K 

=y^y' * / exp(2A;zarctan - — 2A;zarctan — ) 

J — oo > > 



«2/ 



/|-2(l-s) 



dC 



{e+y'ny"+e) 



\l-s 
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y' \ — C{y-y') 



By tan(arctan | — arctan ^) = Q^j^yJ 



cos(2 arctan 



{y-y')C 



yy' + 



) = 



{yy' + C^)^ -{y- y'fC 



and 



cos(2/c arctan 



(y - y')C 



{yy' + e? + {y-y'?e' 
) 



yy' + 



--F{-k,k; 



1 1 

2' 2 



{yy' + Cr + {y-yTC 



1 



) 



we have 



2'(y2 + C2)(y'2 + 
|fc| 



(l){iy,iy;k,s) =2y y 2^—771^ [y - y ) 



X 



^0 

nOO 

^0 



Set Z = ^, then u = By the same method as the above argument for GU{2, 1), 



we have 



4){iy,iy'] k, s) 



\k\ 



+ 



-0 ^'(1)' 



-(4M)-*F(n + s, s; 2s; -u'^) 



r{n + s) 



2'T(n + 1 -s) 
^F{n + 1 - s, 1 - s; 2 - 2s; -w"^)]. 



(1) A; = 0, 



(j){iy,iy';k,s) = 



v^r(i - s) 
r(i-s) 



(4w)-^F(s, s; 2s; -u'^) + (s ^ 1 - s). 



(2) A; = ±l, 



v^r(i-s) 

r(i-s) 



(4u)-"[F(s, s; 2s; -u"^) + -F{s + 1, s; 2s; -u'^)]. 

s — 1 
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By [Er], p.l03, (28), 

(c - a)F{a -l) + {2a-c-az + bz)F + a{z - l)F{a + 1) = 0, 
set a = s, b = s, c = 2s and z = —u~^, then 

F(s + 1, s; 2s; -u~^) = -F(s - 1, s; 2s; -u~^). 

u + 1 

By [Er],p.l03, (36), 

(c - a - 6)F - (c - a)F{a - 1) + 6(1 - z)F{b + 1) = 0, 

set a = s, 6 = s — 1, c = 2s and z = —u~^, then 

1 u 



s-lu+1 

s u 

~ s-lu + 1 

Thus, 



F(s, s - 1; 2s; -u~^) + F(s, s; 2s; -w"^) 
F(s-l,s-l;2s;-M-^). 



Si = ^^.^^ ;\ 4.)-^^F(s - 1, s - 1; 2s; -.-). 
— s) s — + 1 

Consequently, 

(j>(iy, iy'; k, s) = ^^^^k^4-^ _^u'-%u+l)-' F{s-1, s-1; 2s; -«-i) + (s ^ 1-s). 

Thus, we have the following theorem: 

Theorem. Assume that T is convex cocompact and 6{T) < |. Then the following 
product formula on 5'L(2,R) holds: 

[ E{z, C; k, s)E{z\ C; -k, 1 - s)dm{0 = G{z, z'; k, s) + G{z, z'; k, 1 - s), 

Jr\n(r) 

for 6{r) < Re{s) < 1 - 6{r) and A; = 0, ±1. 
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